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"COMPLEX VARIABLES AND APPLICATIONS" (7/e) by Brown and Churchill 
Chapter 1 
SECTION 2 
1. (a) W2-i)-i0-V2i =V2 -i-i-v2 =-2i; 


(b) (2,-3)(-2,1) = (-4 +3,6 + 2) = (-1,8); 


amr cane 
(0) ane-0(2.}=00.0/ , +\=@n. 
2. (a) Re(iz) =Refi(x+iy)] = Re(-y + ix) =-y =-Imz; 


(b) Im(iz) = Im{i(x + ty)] = Im(—y + x) = x = Rez. 


3% Utz) =(+z)d4+z) =(1+z)- 1+ +2)z=1-(1+2)+z(1 +2) 


=l+z¢+z+z2? =1+2z4+2’. 
4. if z=iti, then 2? -2z4+2=(1ti)? —20 ti) +2=+21-2F 2i4+2=0. 


5. To prove that multiplication is commutative, write 


ZZ = (HY, ya) = (HXq — Wie» V2 +2) 
= (Xy%, — YM Vo +H) = (X,Y) = BW: 


6. (a) To verify the associative law for addition, write 


(z +2,)+2,= [5 9,) + (X,Y, )] + (05593) = (4, +X Y+ Ya) + (X35) 
= ((xy +2) + X55 (Y, + Yq) + Y3) = CX, + Oy + 55), +O +5) 
= (4,,Y,) + CX, + X52 Vy +3) = (HY) + [021 Y2) + 5,5] 
=% +(%, +2). 


LA 


(b) To verify the distributive law, write 


2(% +22) = (YM) + Ory, Ya) = (YM +H, +2) 
= (24) + 2X) — YY, — Wo» YX, + yxy + xy, + xy.) 
= (2X, — VY, FAX, — Wy, YX + XY, +X, +xy,) 
= (2%, — Wy, WR, + AY) + (oe, — Vg, Wy + 14) 
= (X,Y) Y) +, Vp Ya) = + BZ. 


10. The problem here is to solve the equation z>+z+1=0 for z=(x,y) by writing 
(x,y)(x, y) + (x, y) + (1,0) = (0,0). 


Since 
(x? -y’?+x+1, 2xy + y) = (0,0), 


it follows that 
x*-y’+x+1=0 and 2xy+y =0. 


By writing the second of these equations as (2x +1)y =0, we see that either 2x+1=0 or 
y=0. If y=0, the first equation becomes x?+x+1=0, which has no real roots 
(according to the quadratic formula). Hence 2x+1=0, or x =—1/2. In that case, the first 


equation reveals that y? = 3/4, or y=+-+/3/2. Thus 


e=(s9)=(-3, +8) 


SECTION 3 


142i 2-1 _ +2)G+4i) | (2-i(-Si) _ -5 +101 , -5-10i_ 2, 


Be ta) 3-45 Si (3-4i)(3+4i)  (5i)(—Si) 25 25 5. 


Si 5i Si 1. 


©) G-p@-nG-)  U=3G-) Alon 2" 


(c) Q-i)* =(0-)d-)P = (2 =-4, 


2. (a) (-Dz=-z since z+(-lz=2[1+(-D]=z-0=0; 


(i) ee Ba 2b). 
zi 


3. (222524) = Z[2, (224 )] = 21122524] = 4 [(2,2,)24)] = 2 1z5(z,24)] = (z,25)(z,24)- 


6. 4S = 2,2 = = 2,24 i i = +a 2 Z i = a 4 (Zz; x 0, 24 # 0). 
2324 2324 23 x4 23 4 23 Za 
» EASE} ras eran 
Zz \ 2, XZ Z, z z Zy 4) 


SECTION 4 


4 
1. (a) 4=2i, g= Zi 


(b) z,=(-V3,1, z,=(V3,0) 


(c) 4 =(-3,D, z =(14) 


(4) y~=x, +i, Z=X-y 


2. Inequalities (3), Sec. 4, are 


RezslRezlslzl and Imz<lImzi<ldai. 


These are obvious if we write them as 


xSixisax?+y? and ySlyls yx? +y’. 


3. In order to verify the inequality /21zl2/Rezl+lImzl, we rewrite it in the following ways: 


V2yx? + y? 21x +lyl, 
2(x? + y*) Slat? + Allyl +ly?, 
IxI* — 21 xllyl +ly?>0, 
(ixl—lyl)? > 0. 


This last form of the inequality to be verified is obviously true since the left-hand side is a 
perfect square. 


4. (a) Rewrite |z—1+il=1as kk—(1—i)|=1. This is the circle centered at 1—i with radius 1. 


It is shown below. 
0 y 


5. (a) Write lz—4i+iz+4i=10 as |z— 4il+1z—(—4i)|=10 to see that this is the locus of all 
points z such that the sum of the distances from z to 4i and —4i is a constant. Sucha 
curve is an ellipse with foci +4i. 


(b) Write |Iz—1l=!lz+il as lz-1l=lz—(—i)I to see that this is the locus of all points z such 
that the distance from z to 1 is always the same as the distance to —i. The curve is, 
then, the perpendicular bisector of the line segment from 1 to —i. 


(c) (+i =(2+i) =Q-i) =4-4i4+7 =4-4)-1=3-4i; 


(d) \(274+5)(V2 -il=127 + SUV2 -il=12z + 51V2 +1 = V3 12245). 


2. (a) Rewrite Re(Z7-i)=2 as Re[x+i(—y—1)]=2, or x=2. This is the vertical line 
through the point z = 2, shown below. 


(b) Rewrite |2z—il= 4 as aks = 4, or 


radius 2, shown below. 


ill 


Write z, =x, +iy, and z, =x, +iy,. Then 


2-2, =(% +i.) — (x, ty.) =, —X,)+t(y, — y2) 


= (x, —x,)-i(y, -y.) = —19,)—  — iy.) =% -%, 
and 


aa = (x, +i, OX +1.) = (4X. — YY.) + i1Ly,X, + Xn) 
= (XX) — V2) — 1x, + X,Yq) = (% — ity, (x, —iy,) = ZZ. 


(@) 2223 = (222 )23 = ZZ Zs = (a %)es = Zy Zo 235 


b) datear? =au=(z2\(z22)=222z=2'. 


2X3} %4%3 Sn Sy 
) ets Iz, | s Iz,l 
ZZ] 'z,zZ,1  lzllzi 


In this problem, we shall use the inequalities (see Sec. 4) 
IRezlslzl_ and |e, +z, +z,|S|z,|+[z,|+|z,]. 


Specifically, when |zl< 1, 


Re(2+z+2°)|SI2+Z4+z21S 2412 Hz =2+ladtlePs2+14+1=4, 


Zo > | =2. This is the circle centered at = with 


10. First write z‘—4z* +3 =(z’ -1)(z’ —3). Then observe that when Izl= 2, 


Iz? — 12|Iz7IA11l|=|Iz? -1]=14 - l= 3 


and 
Iz? —312|IzI131|=|I2? -3|=14-31=1. 


Thus, when |zi= 2, 
iz - 427 +3i=lz” - Iz" -3123-1=3. 
Consequently, when z lies on the circle |zl= 2, 


sara oa 
z'—42°+3| Iz*-4774+31 3 


11. (a) Prove that zisreal = Z =z. 


(<=) Suppose that Z=z, so that x-—iy=x+tiy. This means that i2y=0, or y=0. 
Thus z=x+i0= x, or z is real. 


(=>) Suppose that z is real, so that z=x+i0. Then Z7=x—-i0=x+i0=z. 

(b) Prove that z is either real or pure imaginary <> Z? =z’. 
(<=) Suppose that Z> =z’. Then (x~iy)’ =(x+tiy)’, or i4xy=0. But this can be 
only if either x =0 or y=0, or possibly x=y=0. Thus z is either real or pure 
imaginary. 
(=) Suppose that z is either real or pure imaginary. If z is real, so that z= x, then 


Zz’ =x’ =z’. If z is pure imaginary, so that z=iy, then Z’ = (-iy)’ = (iy)’ =z’. 


12. (a) We shall use mathematical induction to show that 
4 F247 +Z, = Zt Z, +:-+Z, (n = 2,3,...). 
This is known when n=2 (Sec. 5). Assuming now that it is true when n =m, we may 
write 
By Zy tet yt Lat = (Zp +2 Heh Sn) t Zs 
= (% +2, teh 2) + Zs 
HZ tO tetZ) tna 
= q +Z,+-+-+Z,, + Zit 


(b) In the same way, we can show that 
2,29°0'2_ = 2 BeerZ, (n = 2,3,...). 
This is true when n= 2 (Sec. 5). Assuming that it is true when n= m, we write 


2429" Zinman = (ZZ °° Zn Zar = (2122 °** Zin) Zonet 


= (ZZ +++ Bq Ener = By Inlet: 


14. The identities (Sec. 5) zZ =Izl’ and Rez= 2 enable us to write Iz—z,l= R as 


(z-z,(Z-Z)=R’, 
Z— (2% +) +H%=R’, 


Iz? — 2Re(zzZ,) +1z)l? = R’. | 


15. Since x= a and y= ant the hyperbola x? - y* =1 can be written in the following 
; 
ways: 
(2) -(52) 2 
2 2i ‘ 
O+2+2 22-2747" a 
4 4 7 
227 +27” =n 
4 7 
v4+e=2 
SECTION 7 
1. (a) Since 
ane(— ‘. x) = argi—arg(—2 — 22), 
i _ 3% 5 nt : 
one value of arg - | is —-| -—], or —. Consequently, the principal value is 
—2-2i 2 4 4 
5a 3a 
—-—2n, or -—. 
4 "| 


5. 


(b) Since 
arg(V3 ~i)* = 6arg(v3 —1), 


one value of arg(v3 —i)° is 6-2), or —z. So the principal value is —7# +22, or 7. 
The solution @ = 7 of the equation le —1|=2 in the interval 0< 0 <2z is geometrically 


evident if we recall that e’° lies on the circle |zl=1 and that |e — 11 is the distance between 
the points e” and 1. See the figure below. 


We know from de Moivre's formula that 
(cos @ + isin 8)’ = cos30 +isin30, 
cos? 9+ 3cos? O(isin 6) + 3cos O(isin 6)’ + (isin 8)? = cos3@ +isin36. 
That is, 
(cos? 6 —3cos Osin’ 6) + i(3cos’ Osin O — sin? 6) = cos36 + isin3@. 


By equating real parts and then imaginary parts here, we arrive at the desired trigonometric 
identities: 


(a) cos3@ =cos? @—3cos@sin? 6; (b) sin3@ =3cos’ Osin @ — sin’ 0. 


Here z=re’’ is any nonzero complex number and na negative integer (n =—1,-2,...). 
Also, m=—n=1,2,.... By writing 


(z™ ye = (r™eim? yt os =e 


(27)" = [tere] = (4) elm) = Agim, 


r r 


and 


we see that (z”)7=(z")”. Thus the definition z"=(z')"™ can also be written as 
z= (2")". 


10 


10. 


First of all, given two nonzero complex numbers z, and z,, suppose that there are complex 
numbers c, and c, such that z, =c,c, and z, =c,¢,. Since 


Igl=lelle,! and Iz,!=lellel=alelc,l, 


it follows that |z,|=1Iz,I. 
Suppose, on the other hand, that we know only that |z,!=Iz,|. We may write 


Z%, =r,exp(i@,) and z, =r, exp(id,). 


If we introduce the numbers 


=r exo fi 2) and ¢,= eno Boe, } 


2 
we find that 
.O,+86 6- 
C6. =F, exp u 5 2 Jeno 4, 2) =r, exp(i0,) =z, 
| 
and ' 
oe. .4+8 - 
C0, =X exo . ) » enol -i 4 =) =r, exp 0, =z). 
That is, 


%=ce, and Zz, =a. 
If S=1l+z+z’+--+2", then 


Salt zt 2 ertea (zt Ct zipetey apa 2, 


1 nh 


Hence $= = , provided z¥1. That is, 
Zz 


n+ 


L+z+27+:--+27 = 1- 


(z#1). 


Putting z=e" (0 < @ <2z) in this identity, we have 


1~ elf@the 


1+ el? + i94...4¢9 = : 
L=e" 


11 
Now the real part of the left-hand side here is evidently 


1+ cos@+cos26+---+cosn@; 


and, to find the real part of the right-hand side, we write that side in the form 


exp| —i 4 exo -i2)- ex Te pe 
1-exp[ia+ Dé] 2 2 Pi 2 


1-exp(ié) exo(-i 2) exo( i 2) - eny( 2) 
which becomes 


@... 8 (QQn+1)0 .. (2n+1)0 
C08 ASI C08 I eG 


, 


ome 


—2isin— 
2 


[sing (2n+l)6 (2n+1)0 
stn asetny PEED | a cee a egg BEDE 
2 2 a 2 


dein” 
) 


The real part of this is clearly 


in ont De 
Le ca a 


2 asin” 
2 


and we arrive at Lagrange's trigonometric identity: 


in en te +1)0 


1+cos@+cos26+-- -+eosno=b4— 3, — (0<@<2z). 
2sin— 
2 
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SECTION 9 


1. (a) Since 2i= zene 2 + 24m )| (k =0,+1,+2,...), the desired roots are 


(b) 


(2i)'? = 2 exe = ne kn) 


That is, 


im qT .. 1 i . 
Cy = V2e = Wal cos + isin) = 8 Ze+ te) 14 


and 
c, = (V2e""*)e* = —c, =-(1 +i), 


Cp being the principal root. These are sketched below. 


Observe that 1—+/3i = 2exp| (-4 + 242) (k = 0,+1,42,...). Hence 


(1-31)? = 2 exp (-2 + in) 


The principal root is 
~in RMR i... 3 4 3-1 
Cy = V267%*/6 = Vi{ cos ~isin) = 933-1) 5, 


and the other root is 


c, = (W2e*")e* = ~¢, =~ 


afi 


These roots are shown below. 


(k = 0,1). 


(k =0,1). 


2. 


(a) Since -16=16exp[i(a+2kz)] (k =0,+1,+2,...), the needed roots are 
-16)" =2er9| (E442) 
(-16) ena ri + 5 


The principal root is 


cy =2e"* = 2{ cos + isin) = (Fs + +) =V2(1 +i). 


The other three roots are 
c, = (2e*")e*? = ci = V2 (1+i)i = -V2(1-1), 
c, = (2e""*)e* = —¢, = -V2(1+ i), 


and 
Cy = (2e™"*)e?*? = ¢,(~i) = ¥2(1+i)(-i) = V2(1- i). 


The four roots are shown below. 


(b) First write -8 — 8-/3i = I6exp| (22 + 24a) (k = 0,+1,42,...). Then 


(8 -8y3i)!" = ders] (2+ =] 


The principal root is 


cy = 207" = 2{ cos -isinZ) = {o- :| =V3-i. 


13 


(k =0,1,2,3). 


(k = 0,1,2,3). 


14 


The others are . 
red = (2e7i"/6 ein”? = Coi a 1 + V3i, 


cy = (De el* = —c, = -(W3 ~ i, 


c, = (267 )e?*? = ¢, (-i) = -(1+-V3i). 


These roots are all shown below. 


y 


3. (a) By writing -1=1lexp[i(7+2kz)] (k =0,+1,+2,...), we see that 


(-1)'? = ene {2 + me) 


3 
The principal root is 
i mR .. mM 143i 
c, =e"? = cos—+isin— = v3 
3 2 
The other two roots are 
c, =e =~] 
and 
. * -}. v8 id, oe , 
c, = gid/3 = ei?%— in!3 = cos — isinS = 1 = 


All three roots are shown below. 


y 


(k = 0,1,2). 


15 


(b) Since 8 = 8exp[i(0+2kz)] (k =0,+1,42,...), the desired roots of 8 are 


gus Vieno( 2} (k =0,1,2,3,4,5), 
the principal one being 
¢, = Vi. 
The others are 
c, = V2e'" = v2( cos + isin = = a3 +8) = Ls , 
c, = (N20 )e™ = V2( cos ~ isin 1 Se ee een 
3 3 2 2 2 
Cc; = V2e* = -2, 
shay: cig 1+-+3i 
yg =(V2e*" e™ = -c, = - aos 
and 
1-3: 


cs = (V2e2* ei" =-c, = 7 


All six roots are shown below. 


The three cube roots of the number z, = —4V2 + 4V2i = Beni =) are evidently 
(z,)' 4 2esp| (= a) (k — 0, 1,2). 


In particular, 


= 2exp( i=] =2(1+ i). 


16 


With the aid of the number @, = = +5 , we obtain the other two roots: 
-] = _1; 
= Co, =V2(1 +i ( 5) Saws Vi 
~(V3 +1) + (V3 —Di [(-14+ V3i)_ W3-1)- 3 + Di 
cC, = Cos = (c,@,)O, = [eB oB nee) = (v3 obs yi ; 


5. (a) Let a denote any fixed real number. In order to find the two square roots of a+i in 
exponential form, we write 


A=latil=Va’+1 and @=Arg(ati). 


Since 
ati= Aexp[i(@+2kz)] (kK =0,£1,+2,...), 


we see that 


(ati)? =VA exe * + tn) (k = 0,1). 
That is, the desired square roots are 


Ae? and fAei*!2 eit = —JAei@!?, 


(b) Since a+i lies above the real axis, we know that O< a@< a7. Thus 0< S< >. and this 


tells us that coe{ &) > 0 and sin( ©) >0. Since cosa = = it follows that 


ee [l+cos@ _ 1 h42s Ata 
2 2 W2\'* A vada 


and 
sin = l-~cosa_ 1 |, a _vA~-a 
2 2 V2V A V2NA’ 
Consequently, 
VA+a | Ara a 
+VAe At = tA cost + isin <). +VA| = 
2 V2VA Jada 


= WAta +iVA=a). 


17 


6. The four roots of the equation z* +4 =0 are the four fourth roots of the number —4, To 


find those roots, we write —4 = 4exp[i(a+2km)] (k =0,+1,+2,...). Then 


_A4 LUA ee 
(-4) = esp] (2+42)] V2e*!*e 


To be specific, 
cy =v2e""* = Vi{ cost z rising =) = Vi( Js 


¢ = ce"? =(1+Di=-1+i, 


c, = ce" =(1+i)(-1) =-1-i, 


Cs = Ce" = (1+i)(-i) =1-i. 


This enables us to write 


2° +4=(z-c\(z-e,(z-¢,)(z-c5) 
=[(z-¢)(z-c,)]-[(z - & (z - ;)] 
=[(z+)—-i(z+1) +i) -[(e-1)-i(z-1) +i] 
=[(c+1" +1]-[@-1" +1] 
= (2? +2z+2)(z’ -2z+2). 


ats) 1+i, 


(k = 0,1,2,3). 


Let c be any nth root of unity other than unity itself. With the aid of the identity (see 


Exercise 10, Sec. 7), 


(epi eget el 
1-z 
we find that 
ivcaceyerte = a tg 
l-c Il-ce 
Observe first that 


ceiny! =| WrexpAO42t2)] = gre Gn a3 pt Me 1B) 


aes 
m Wr” 


(z #1), 


Plea) 
m 


18 


and 
ere 1 i(-0 + 2k) 1 i(-@) i(2kz) 
Lym = al exp ——————* = — exp exp Ree? 
(z~) {2 Pp . Wr exp a exp a 
where k =0,1,2,...,m—1. Since the set 


i(-2 
expt) (k =0,1,2,....m=1) 


is the same as the set 
ceo (Qk) 
m 


(k =0,1,2,...,2—1), 


but in reverse order, we find that (z!")7! =(z7!)/™, 


SECTION 10 


1. 


(a) Write 1z—2+ilS1 as lz—(2—i)IS1 to see that this is the set of points inside and on the 
circle centered at the point 2 —i with radius 1. Itis not a domain. 


(b) Write 12z+3l>4 as 


3 
zZ- (-3] > 2 to see that the set in question consists of all points 


exterior to the circle with center at ~3/2 and radius 2. It is a domain. 


19 


(c) Write Imz>1 as y>1 to see that this is the half plane consisting of all points lying 
above the horizontal line y=1. It is a domain. 


(f) The set Iz—4l2IzI can be written in the form (x-4)’+y?2 x’ +y’, which reduces to 
x<2. This set, which is indicated below, is not a domain. The set is also 


geometrically evident since it consists of all points z such that the distance between Z 
and 4 is greater than or equal to the distance between z and the origin. 


20 


4. (a) The closure of the set —m< argz< am (z #0) is the entire plane. 


(b) We first write the set [Rezl<lzl as Ixl<yx?+y*, or x?<x?+y*. But this last 
inequality is the same as y’ > 0, or lyl>0, Hence the closure of the set |Re zi<lzl is the 


entire plane. 

3 1 Zz Zz x-i (=) 1 : x 1 

Since — =—=—> =—3—, the set Re] —|<— can be tten as ——~ S$ —, or 
z za IP x+y’ zy 2 nets x+y” 2 


(x?-2x)+y’20. Finally, by completing the square, we arrive at the inequality 
(x-1)’ + y’ 21’, which describes the circle, together with its exterior, that is centered 
at z=1 with radius 1. The closure of this set is itself, 


21 


(d) Since z? =(x+iy)’ =x’ —y’ +i2xy, the set Re(z’)>0 can be written as y’ <x’, or 
lyl<ixl. The closure of this set consists of the lines y=+x together with the shaded 
region shown below. 


5. The set S consists of all points z such that izl<1 or Iz-2I<1, as shown below. 


Since every polygonal line joining z, and z, must contain at least one point that is not in S, it 
is clear that S is not connected. 


8. We are given that a set S contains each of its accumulation points. The problem here is to 
show that S must be closed. We do this by contradiction. We let z, be a boundary point of 


S and suppose that it is not a point in §. The fact that z, is a boundary point means that 
every neighborhood of z, contains at least one point in S; and, since z, is not in S, we see 
that every deleted neighborhood of S must contain at least one point in S. Thus z, is an 
accumulation point of S, and it follows that z, is a point in S. But this contradicts the fact 
that z, is notin S. We may conclude, then, that each boundary point z, must be in S. That 
is, S is closed. 


22 
Chapter 2 


SECTION 11 


Be : ; 
i is defined everywhere in the finite plane except at the 


1. (a) The function f(z2)=G 
z+ 


points z=+i, where z’>+1=0. 
1). , 
(b) The function f(z) = Are( +) is defined throughout the entire finite plane except for the 
z 
point z=0. 
(c) The function f(z) == is defined everywhere in the finite plane except for the 
Saar 


imaginary axis. This is because the equation z+z=0 is the same as x = 0. 
? | er ; : : 
(d) The function f(z)= Tol? is defined everywhere in the finite plane except on the 
il F4 


circle Izl=1, where 1-Iz/* = 0. 


; Z+Z Z-Z : 
=—— and y=——-, write 
3. Using x 5 y hi 


f(z)=x? -y? —2y +i(2x —2xy) 


_&+2) , @~2y 
4 4 


2 32 2 w2 

ee ee ce nage ae 
= + — 4 2izg - — + — =2 + 2iz. 

2 2 2 2 


+ig-Z)+i(¢+-ZBED 


SECTION 17 


5. Consider the function 
2 2 
#)=(2} -(#2] (#0), 


x —iy 


where z=x+iy. Observe that if z= (x,0), then 


and if z=(0,y), 


10. 


11. 
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But if z=(x,x), 


f@)= (2) : (4) ai 


x-ix 1l~i 


This shows that f(z) has value 1 at all nonzero points on the real and imaginary axes but 
value —1 at all nonzero points on the line y=x. Thus the limit of f(z) as z tends to 0 
cannot exist. 


2 


(a) To show that lim ( 0 = 4, we use statement (2), Sec. 16, and write 
Zee Zn- 


(b) To establish the limit lim 


a =o, we refer to statement (1), Sec. 16, and write 
zl (z— 


y 


F 1 = = gee 
a Va-y ime Dee 


2 
(c) To verify that lim Z _ = co, we apply statement (3), Sec. 16, and write 
we 7 

he 

lim rz ae A ; 5, 0 

Pry —' 

() ge ee 

z 


In this problem, we consider the function 


_atb 


fees (ad — bc #0). 
cz+d 


T(z) 


(a) Suppose that c=0. Statement (3), Sec. 16, tells us that lim T(z) = since 
feo 


lim ——— = lim <—@ =£=0, 
290 T(l/z) 20 at+bz a 
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(b) Suppose that c #0. Statement (2), Sec. 16, reveals that lim T(z) = since 
2-00 c 


z-~90 a c 


Also, we know from statement (1), Sec. 16, that lim T(z) = since 
to-dfe 


F + 
lim ——= ki cz+d cat 
ce T(g) ile az-+ b 


SECTION 19 
1. (a) If f(z) =32 -—22+4, then 
dd a 


fo=Z0e —2z+4)= =357 2 2t 7 4=3(2z)— 21) +0 = 62 


(b) If f(z)=Q- 427), then 


f(2=30- 427) <a- 42”) =3(1- 42°) (~8z) =-242(1- 4z*)?. 


(c) If f= es (-*- 3} ‘hen 


yee D-@-DEGe+) _z+I)-@-2_ 3 
(2z+1)? (2z+1)? (2z+1) . 


(d) # p= Ste (z #0), then 


d d 
prey Eg Pals POD —04 2) 
(2’)? (22)? 


_ 2z(l+27)*[4z7-(1+z7)}_ 20 +2732? -—) 
= eee. 
Zz Zz 
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3. If f(z) =1/z (z #0), then 


1 meh 
A + Az =——— = 
soa fa )- FR)= z+ K Zz (z+ Az)z +Az)z 
Hence 
f= tim = tim ——) = 4. 


70 G 290 (z + Az)z Zz 


4. We are given that f(z,)=g(z,)=0 and that f’(z,) and g’(z,) exist, where g’(z,) #0. 
According to the definition of derivative, 
f'(%) = lim f(z) — f(%) = lim f(z) ; 
r~>2o Z~ 2%, 14%) Z—Zy 
Similarly, 
8" (Zp) = Him S82) = tig BO), 
r% 0 Z— 2y 10 Z—Zy 
Thus 
tin LO) tim LOE) _ BaT OETA) Fe) 
t>% g(z) 220 g(z)/(z-Z%) lim 1 B(z)/(Z—%) 8 “(Z) 
SECTION 22 
1. (a) f(z)=Z=x-iy. So u=x, v=~y. 


Inasmuch as u, =v, =>1=~1, the Cauchy-Riemann equations are not satisfied 
anywhere. 


(b) f(z)=z-Z=(x+iy)—-(x—-iy) =O +i2y. So u=0, v=2y. 
Since u, =v, = 0 =2, the Cauchy-Riemann equations are not satisfied anywhere. 


(c) f(z)=2x+ixy’. Here u=2x, v=xy’. 
u, =v, => 2=2xy > xy =1. 
u, =-v, > 0=-y' => y=0. 
Substituting y=0 into xy=1, we have 0=1. Thus the Cauchy-Riemann equations do 
not hold anywhere. 


(d) f(z)=e*e” =e*(cosy—isin y) =e* cos y—ie*siny. So u=e* cosy, v=—e* siny. 
u, =v, => e* cosy = —e* cosy => 2e* cosy =0= cosy =0. Thus 


yattnn (n=0,+1,42,...). 


4, =—v, => —e" siny = e* sin y => 2e*siny=0 => siny=0. Hence 
y=unt (n=0,£1£2,...). 


Since these are two different sets of values of y, the Cauchy-Riemann equations cannot 
be satisfied anywhere. 
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1 lz Zz x fe ey 
3. (a Z)=-=—- == =a atl. : So 
eae zzz IP x+y x+y?’ 


Since 
2_ 42 _ 
es ioe re _ a 2xy (x? +y? #0), 


F'(z) exists when z#0. Moreover, when z #0, 
2 2 2 ° 2 
; : yorx" 2x x" —i2xy—y 
=u +1v = Ht OI Cr 
ff’ @=u, x Oe typ O+yy (+y?y 


one i) eee (3 ee (3 9 
@+yy? ay Ow 


(b) f(z)=x’ +iy’. Hence u=x? and v= y’. Now 


u, =v, => 2x=2y=y=x and u,=-v,>0=0. 


So f’(z) exists only when y =x, and we find that 


Sf (x + ix) = u,(x,x)+ iv, (x, x) = 2x +10 = 2x. 


(c) f(z)=zImz=(x+iy)y =xy+iy’. Here u=xy and v=y’. We observe that 
u,=v,>y=2y>y=0 and u,=-,>%x=0. 
Hence f’(z) exists only when z=0. In fact, 


f'(0) = u, (0,0) + iv, (0,0) = 0+ 10 = 0. 


4. (a) f@@= = = (=0s 40) + {-Zsin 40) (z #0). Since 
fo ME Bs eT ne a 


u v 


4 4. 
ru,=——7cos4@=v, and u,=-—;sin46=-—rv,, 
r r 


5. 


fis analytic in its domain of definition. Furthermore, 


f@=e*(u, tiv, = &*(-Scosae +issin 46) 


4 6 (cos40 —isin4@)= _ 4 ia, 
r ae 


(b) f(z)=~Vre'®”? = vreos > +ivr sin’ (r>0,a<@<a@+2z). Since 
emer) et 


u v 


vr 6 Pon 
ru, = Sar =v, and u,= = nS =—rv,, 


fis analytic in its domain of definition. Moreover, 


vd — p7lé ° _ pv 6 Settee 8 
Ff’ (=e" lu, tiv, )=e *(sypoosd +ixtesin’ 3) 


= oF (cose +isin 3) 7 spenen 


(c) f(z)=e*% cos(Inr)+ie*sin(nr) (r>0,0<@<2z). Since 
ceo’ one 


ru, =—e°sin(Inr)=v, and uy =—e° cos(Inr) = —rv,, 
fis analytic in its domain of definition. Also, 


e~* sin(Inr) re e~’ cos(In 2 
r r 


f'@) =e" (u, +iv,) = | 


= Sle cos(Inr) + ie~* sin(Inr)| = jL@ 
re z 


When f(z)=x°+i(1—-y)’, we have u=x° and v=(1-y)*. Observe that 


u, =v, => 3x" =-3(1—y)’ => x? 4+(1-y)’ =0 and u,=-v, >0=0. 
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7. 


Evidently, then, the Cauchy-Riemann equations are satisfied only when x=0 and y=1. 
That is, they hold only when z = i. Hence the expression 


f'(2) =u, tiv, = 3x? +i0 =3x? 


is valid only when z = i, in which case we see that f’(i) =0. 


Here u and v denote the real and imaginary components of the function f defined by means 
of the equations 


7 
fO when z #0 
0 when z= 0. 
Now 
a x —3xy? x — 3x? y 
TO- Fey aye 
u v 


when z #0, and the following calculations show that 


u,(0,0)=v,(0,0) and u,(0,0) =—v, (0,0): 


u, (0,0) = lim u(0 + Ax,0) — u(0,0) = lim Ax 1, 
Ar—0 Ax 4x0 Ay 
u, (0,0) = lim u(0,0 + Ay) — u(0,0) = lim er 4 
Ay0 Ay 4y0 Ay 
v,(0,0) = im WO+ As, 0)- v0, 0) _ Diy, 
Ax =m ~ 
v, (0,0) = tim MOO Ay) 00,0) lim 4Y =1. 
Ay Ay 0 Ay 
Equations (2), Sec. 22, are 
u,cos@+u,sin@=u,, 


—u,rsin 8 +u,rcosO =u,. 
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Solving these simultaneous linear equations for u, and u,, we find that 


sin 0 : cos@ 
and u, =u,sin@+u, 


u, =u, cos@—u, 


Likewise, 


sin 8 : cos 
v, =v, C08 0 — vg —— and v,=v,sinO+v, 


Assume now that the Cauchy-Riemann equations in polar form, 
TU, =Vg, Ug =-TV,, 
are satisfied at z,. It follows that 


sin@ cos@ . : cos@ 
=V, +v, sind =v, sinO+v, = 


u, =u,cosOd —u 
‘x r @ 


: cos@ sin 8 sin 8 
u, =u, sind +u, = Vy ~¥,0080 =-(,c050-v, =-v,. 
r r r 


(a) Write f(z) =u(r,@)+iv(r,@). Then recall the polar form 
ru, =Vo, Ug =—TVv, 


of the Cauchy-Riemann equations, which enables us to rewrite the expression (Sec. 22) 


f'(%) = e?(u, +iv,) 


for the derivative of fat a point z, =(r,,0,) in the following way: 


o -i 1 i -i ‘ -i : 
FF) =e *(2,- 40 )= tu Hig) a tat ed 
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(b) Consider now the function 


oe ee oe i 
fe) =e are = 1 (e050 — isin gy = £089 _ j5i0® 
Zz re r r r r 
With 
u(r, 0) = eos and v(r gyacene 
r 


the final expression for f’(z,) in part (a) tells us that 


(r= if _Sin@ _.cos@\__ 1/cos@—isind 
oe =| r }- Al 


r r 
-lfe* --(4)=-2 
Zz r Zz re? = 2 
when z #0. 


10. (a) Weconsider a function F(x,y), where 


Formal application of the chain rule for multivariable functions yields 


OF _ OF ox | OF dy _ (2) (- L)=4 ($+ Z| 


0 Ox de dydz ax\2) ay\ 2: ax Oy 


(b) Now define the operator 
oO wilt o 2449 0 
Oz 2\ax dy)’ 


suggested by part (a), and formally apply it to a function f(z) = u(x, y) +iv(x, y): 


oF _ “Gas 2). LF iof 
dz 2\ox ay lax” 2 ay 


= F(t) +H (4, + Ala, s,) ify +4 )} 


If the Cauchy-Riemann equations u, = v,, u, =—v, are satisfied, this tells us that 


af dz =0. 
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SECTION 24 
1. (a) f(z)=3x+y+iG3y—x) is entire since 
= ree eas 
u,=3=v, and u,=l=-v,. 


(b) f(z) =sinxcosh y+ icosxsinhy is entire since 
= anne] 


v 
u,=cosxcoshy=v, and u, =sinxsinhy=-yv,. 


mY gine hie Soe =e” sn gdie? : Mak 
(c) f(z)=e sinx —ie”” cosx =e = x+i(—e™ cosx) is entire since 
v 


=e?’ = =—emp4%G Se 
u,=e"cosx=v, and u,=-e”sinx =—yv,. 


(d) f(z)=(2?—2)e*e™ is entire since it is the product of the entire functions 


g(zj=z°>-2 and h(z)=e*e” =e*(cosy—isiny) = e* cosy + i(—e™* siny). 
u v 
The function g is entire since it is a polynomial, and h is entire since 
u,=-e"cosy=v, and u,=—e“siny=—y,. 


2. (a) f(a= *y +i y is nowhere analytic since 


u,=v,=>y=1 and u,=-v,=>x=0, 


which means that the Cauchy-Riemann equations hold only at the point z = (0,1) =i. 


fy, & = y eos = y a . . . 
(c) f(z)=e’e” =e’(cosx +isinx) =e’ cosx +ie”sinx is nowhere analytic since 
u v 
4u, =v, => —e” sinx = e” sinx => 2e’ sinx =0 => sinx =0 
and 
u, =—Vv, = e” cosx =—e” cosx = 2e” cosx =0 => cosx =0. 
More precisely, the roots of the equation sinx=0 are na (n=0,+1,22,...), and 


cosnz =(~—1)" #0. Consequently, the Cauchy-Riemann equations are not satisfied 
anywhere. 


7. (a) Suppose that a function f(z) =u(x,y)+iv(x,y) is analytic and real-valued in a domain 
D. Since f(z) is real-valued, it has the form f(z) =u(x,y)+i0. The Cauchy-Riemann 
equations u, =Vv,, 4, =—v, thus become u, = 0,u, = 0; and this means that u(x, y) =a, 
where a is a (real) constant. (See the proof of the theorem in Sec. 23.) Evidently, then, 
f(zj=a. Thatis, f is constant in D. 
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(b) Suppose that a function f is analytic in a domain D and that its modulus |f(z)| is 
constant there. Write |f(z)|=c, where c is a (real) constant. If c=0, we see that 
f(z)=0 throughout D. If, on the other nal c#0, write f(z) f(z) =c’, or 


T= 5. 


Since f(z) is analytic and never zero in D, the conjugate f(z) must be analytic in D. 
Example 3 in Sec. 24 then tells us that f(z) must be constant in D. 


f 


SECTION2s | Y | 


1. (a) It is straightforward to show that u,,+u,,=0 when u(x,y)=2x(1-y). To find a 
harmonic conjugate v(x,y), we start with u,(x,y)=2-2y. Now 


u, =v, => v, =2-2y => v(x, y) = 2y—y? + (x). 


Then 
Uy = —V, => —2x =—9'(x) => O'(x) = 2x = P(x) =x +0. 


Consequently, 
v(x, y)=2y-y +(x? +e) =x? -y? +2yte, 
(b) It is straightforward to show that u,, +u,, =0 when u(x,y) =2x—x° +3xy’. To finda 
harmonic conjugate v(x, y), we start with u,(x,y) =2—3x? +3y’. Now 
Uy, = Vy =v, =2—3x? + 3y? => v(x, y) = 2y —3x’y ty? + G(x). 


Then 
u, = —V, = Oxy = 6xy — O'(x) = (x) =0 => P(x) =e. 


Consequently, 
v(x, y) = 2y—3x?y+ y> +c. 


(c) It is straightforward to show that u,, +u,,=0 when u(x,y)=sinhxsiny. To find a 
harmonic conjugate v(x,y), we start with u,(x,y)=coshxsiny. Now 


u, =v, => v, =coshxsin y => v(x, y) = —cosh xcos y + (x). 
Then 
u, =—v, = sinh xcosy = sinhxcosy — 9’(x) => $’(x) =0 = (x) =c. 


Consequently, 
v(x, y) = —coshxcos y+c. 
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(d) It is straightforward to show that u,, +u,,=0 when u(x,y)=—5 : z: To find a 
x Try 


harmonic conjugate v(x,y), we start with u,(x,y) = ee, Now 
(xo +y") 
u,=Vy> Vv. ie) Seana )=—>— + g(a) 
* y y (x? +y’) oy x? +y? = 
Then 
2 2 2 2 
x -_ y x =) , 4 
od oe => = 0 =c., 
u, =—V, G+yy ty) g’(x) => (x) = @(x)=c 
Consequently, 


v(x, y) = zt c. 


+y’ 


Suppose that v and V are harmonic conjugates of u in a domain D. This means that 
u,=v,, uy=—-v, and u,=V,, u,=—-V,. 
If w=v—V, then, 
2 =v, -V, =—u,tu,=0 and w,=v,-V, =u, —u, =0. 
Hence w(x,y)=c, where c is a (real) constant (compare the proof of the theorem in Sec. 
23). Thatis, v(x,y)—-V(x,y) =c. 
Suppose that u and v are harmonic conjugates of each other in a domain D. Then 


=v, u=-vV. 


EV, Uy , and v,=u,, v,=—u,. 


y 
It follows readily from these equations that 
u,=0, u,=0 and v,=0, v, =0. 


Consequently, u(x,y) and v(x,y) must be constant throughout D (compare the proof of the 
theorem in Sec. 23). 


The Cauchy-Riemann equations in polar coordinates are 
ru,=V, and u, =—rv,. 
Now 


TU, =V,_ => Tu,, + u, = Vg 


34 


and 
Ug = “IV, = Ugg =—TV,9- 
Thus 


2 Stayt Sigay oe 
r°u,, + TU, + Ugg =TVe, —TV, 93 


and, since v,, =V,,, we have 
ru, + TU, +Ug, = 0, 


which is the polar form of Laplace's equation. To show that v satisfies the same equation, 
we observe that 


1 1 1 
ug =—rv.=>y, = ne > Vv, i) Bee 


and 
TU, = Vo => Veo = TU, g. 
Since uy, =u,,, then, 


rv, +1V, + Veg = Ug — Ug, — Ug +7U,, = 0. 
If u(r, 6) =Inr, then 


ru, +1, + Ugg = r(-=) at (=) +0=0. 
r r 


This tells us that the function «=I1nr is harmonic in the domain r>0,0<@<27. Now it 


follows from the Cauchy-Riemann equation ru, =v, and the derivative u, = z that v, =]; 
r 


thus v(7,0)=0@+(r), where $(r) is at present an arbitrary differentiable function of r. 


The other Cauchy-Riemann equation u, =—rv, then becomes 0=-r@’(r). That is, 
¢’(r)=0; and we see that 6(r)=c, where c is an arbitrary (real) constant. Hence 
v(r,@) = @+c is a harmonic conjugate of u(r,@) =Inr. 


Chapter 3 


SECTION 28 


(a) exp(2+3zi) = e’exp(t3ai)=—e’, since exp(+3zi) =-1. 
p 


(b) exp a — = (x(x) =Ve (cos + isin} 


Vee tie)= Eco. 


(c) exp(z + mi) = (expz)(exp mi) = —expz, since expmi=-l. 


First write 


exp(Z) = exp(x —iy) =e"e"” = e* cosy —ie* siny, 
where z=x+iy. This tells us that exp(Z) =u(x,y) + iv(x, y), where 


u(x,y)=e* cosy and v(x,y)=—e’siny. 
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Suppose that the Cauchy-Riemann equations u,=v, and u, =—v, are satisfied at some 


point z=x+/iy. It is easy to see that, for the functions u and v here, these equations become 
cos y = Q and sin y=0. But there is no value of y satisfying this pair of equations. We may 
conclude that, since the Cauchy-Riemann equations fail to be satisfied anywhere, the 


function exp(Z) is not analytic anywhere. 


The function exp(z’) is entire since it is a composition of the entire functions z’ and expz; 


and the chain rule for derivatives tells us that 
d 
S-exp(z*) =exp(2") £2! = 2zexp(e’) 


Alternatively, one can show that exp(z’) is entire by writing 


exp(z’) = exp{(x + iy)’ | = exp(x” - y’ Jexp(i 2xy) 


= exp(x? - y’ )cos(2xy) +i exp(x? - y’)sin(2xy) 
ea an ane en SE Se 


u yv 


and using the Cauchy-Riemann equations. To be specific, 


u, =2x exp(x’ - y’ )cos(2xy) ~2y exp(x? - y’)sin(2xy) =v, 


and 


u, =—2yexp(x? — y?)cos(2xy) — 2xexp(x? — y*)sin(2xy) = -v,. 
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Furthermore, 


£ exp(z’) =u, +iv, =2x+ iy)[exp(x? - y’)cos(2xy) +i exp(x” - y\sin(2xy)| 


dz 
=2z exp(z” ). 
We first write 
lexp(2z +i)|=|exp[2x + i(2y +1)]]= e”* 
and 
lexp(iz? ) = lexp[—-2xy t+i(x’? -y’ )] =e", 
Then, since 
lexp(2z +i) + exp(iz J Slexp(2z+i)|+ lexp(iz” ) ; 
it follows that 
lexp(2z + i) + exp(iz”)|<e* +e”. 
First write 


lexp(z”)| = |expl(x + iy)*]| =exp(x? - y*) + i2xy| = exp(x? — y*) 


and 
exp(Izl”) = exp(x? + y’). 


Since x? -y’ <x? +’, it is clear that exp(x” — y”) <exp(x’ + y”). Hence it follows from 
the above that 


lexp(z” J S$ exp(zi’). 


To prove that |exp(—2z)|<1< Rez>0, write 
lexp(—2z)| = |exp(-2.x -i2y)| = exp(-2x). 


It is then clear that the statement to be proved is the same as exp(—2x) <1<> x > 0, which is 
obvious from the graph of the exponential function in calculus. 


8. 


(a) Write e* =—2 as e*e” =2e'". This tells us that 


e~=2 and y=2+2nn 
That is, 


x=In2 and y=(2n+l)z 

Hence 
z=1In2+(2n+1)7i 
(b) Write e« =1+~+/3i as e*e” =2e""”, from which we see that 
e’=2 and y=4nn 

That is, 

x=In2 and y= one 1 

3 

Consequently, 


= In2+(2n-+3)pi 


(c) Write exp(2z-1)=1 as e”*'e'”” = Le’® and note how it follows that 


e*'=1 and 2y=0+2nn 


Evidently, then, 


1 
=— and y=na 
x 5 y=n 


and this means that 


ee 
2 


This problem is actually to find all roots of the equation 


exp(iz) = exp(iZ). 
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(n = 0,+1,£2,...). 


(n= 0,41,+2,...). 


(n= 0,+1,+2....). 


(n= 0,+1,£2....). 


(n= 0,+1,+2,...). 


(n=0,+L22....). 


(n= 0,£1,4£2....). 


(n = 0,41,+2,...); 


(n= 0,41,42,...). 
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10. 


12. 


13. 


To do this, set z =x + iy and rewrite the equation as 
ere* =e’e", 
Now, according to the statement in italics at the beginning of Sec.8 in the text, 
e”* =e” and -x=x+2n2, 
where n may have any one of the values n =0,+1,+2,.... Thus 
y=0 and x=n7 (n=0,41,42,...). 
The roots of the original equation are, therefore, 


Z=nn (n= 0,+1,+2.,...). 


(a) Suppose that e* is real. Since e* =e*cosy+ie*siny, this means that e*siny=0. 
Moreover, since e* is never zero, siny=0. Consequently, y =n (n =0,+1,+2.,...); 
that is, Imz=nz (n = 0,+1,+2,...). 


(b) On the other hand, suppose that e* is pure imaginary. It follows that cosy =0, or that 
y= S+nn (n=0,+1,+2,...). That is, Imz =ftnm (n=0,41,+2....). 


We start by writing 
Because Re(e*)=e* cosy, it follows that 


Re(e'’”) = ex ~ — |cos| ——~— |= ex ~ — leos| —2—~ |, 
(e"*) (ae x+y Plvay x+y 


Since e'’* is analytic in every domain that does not contain the origin, Theorem 1 in Sec. 25 
ensures that Re(e’””) is harmonic in such a domain. 


If f(z) =u(x, y)+ iv(x, y) is analytic in some domain D, then 
ef ® = eo") cosy(x, y) + ie” sin v(x, y). 


Since e’ is a composition of functions that are analytic in D, it follows from Theorem 1 in 
Sec. 25 that its component functions 


U(x, y) =e” cosv(x,y), V(x, y) =e" sin v(x, y) 
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are harmonic in D. Moreover, by Theorem 2 in Sec. 25, V(x,y) is a harmonic conjugate of 
U(x, y). 
14. The problem here is to establish the identity 
(exp z)" = exp(nz) (n= 0,+1,£2,...). 
(a) To show that it is true when n=0,1,2,..., we use mathematical induction. It is 
obviously true when n=0. Suppose that it is true when n=m, where m is any 
nonnegative integer. Then 


(expz)"*" = (expz)” (exp z) = exp(mz)expz = exp(mz +z) = exp[(m+1)z]. 


(b) Suppose now that n is a negative integer (” = —1,-2,...), and write m=—n=1, 2,.... Mn 
view of part (a), 


i = 1 — } = eet = exp(nz), 
(expz)” exp(mz) exp(—nz) me oes 


(expz)” = ( 


expz 


SECTION 30 


1. (a) Log(-ei) = Inleil+iArg(-ei) = Ine~ i =1-4i, 


(6) Log(t~i) = nll -il+iArg(1-i) = Iny/2 ~ 73 = =In2 -Fi. 


2. (a) loge=Ine+i(0+2nm) =1+2nzi (n=0,41,42,...). 


(b) logi=In1+i(2+2n)=(2n+2 i (n =0,+1,42,...). 
(c) log(-1+ V3) =1n2-+i( 2+ 20) = n2+2(n+ 5) (n=0,+1,42,...). 


3. (a) Observe that 
Log(1 +i) = Log(2i) = In2 + 4i 
and 


2Log(l+i)=2{Inv2+i%)=1n2+ Zi. 


Log(1+i)* = 2Log(1 +). 
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(b) On the other hand, 
2 : XZ, 
Log(—1+i)° = Log(—2i) = In2 25) 


and 


2Log(-1+ i) = 2(nv2 +i) = In2+ Ei 


Hence 
Log(-1+i)’ # 2Log(-1+i). 


4. (a) Consider the branch 


nu on 
logz =Inr+i@ >0,—<d<— ]. 
gz=Inrt+i (« 4 4 ) 
Since 
log(i’) =log(-1)=Inl+im=mi and 2logi= 2ni+iZ} =i, 
we find that log(i”) = 2logi when this branch of logz is taken. 
(b) Now consider the branch 
logz=Inr+ié (r>0,F<o<iz} 
4 4 
Here 
2 ‘ 3 ‘ 5H 3 
log”) =log(-1) =Inl+iz=ai and 2logi=2| In1 rs = 57i. 
Hence, for this particular branch, log(i7) # 2logi. 
5. (a) The two values of i”? are e'*”* and e*"*, Observe that 
inl4 .( # 1). 
log(e )=int+i{Z42n0)=(2n4t (n = 0,+1,+2,...) 
and 
Sala [5a 1]. 
log(e”*"") =In1 +i + 2nz) = [con +1)+ hn (n = 0,£1,+2,...). 


Combining these two sets of values, we find that 


log(i!”) = (x + aa (n = 0,+1,+2....). 


(b) 
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On the other hand, 
1 oe tlk 63 1 
—] =—]Jn1+i7/—+ = —_ I =O0.t1+ 
5 ogi 5 [in (5 ann) (n+5)m (n= 0,£1,£2,...). 


Thus the set of values of log(i’”) is the same as the set of values of = logi, and we 


may write 
log(i!””) = + logi. 
Note that 
log(i?) = log(-1) = Inl + (1+ 2nz)i = (2n+1)xi (n =0,+1,+2,...) 
but that 


2logi= fini +i(4+ ann) =(4n+1)ni (n=0,£1,42,...). - 
Evidently, then, the set of values of log(i’) is not the same as the set of values of 
2logi. That is, 


log(i?) # 2logi. 


in/2 ° 


7. To solve the equation logz =i /2, write exp(logz) =exp(iz/ 2), or z=e™* =i. 


10. Since In(x? + y”) is the real component of any (analytic) branch of 2logz, it is harmonic in 


every domain that does not contain the origin. This can be verified directly by writing 


u(x, y) = n(x’ + y’) and showing that u,,(x,y)+u,,(x,y) =0. 


_ SECTION 31 


1. 


Suppose that Rez, > Q and Rez, >0. Then 


Zz, =r,expiO, and z,=r,expiO,, 


where 


-2<0,<2 and -~2<0, <2. 
2 2 2 2 
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The fact that -7 < ©, +O, < x enables us to write 
Log(z,z,) = Log[(1,7,) exp i(@, + ©,)] = In(7,r,) + i(O, + O,) 
=(Inr, + i0,)+ (nr, +i0,) = Log(r, exp i0,) + Log(r, exp i0,) 


= Logz, + Logz,. 


3. Weare asked to show in two different ways that 


oa “ ) = logz, — logz, (z, #0, z, #0). 


a 
(a) One way is to refer to the relation a 2) = argz, —argz, in Sec. 7 and write 
% 


£41 


oe 2 = Inj 
2 Zz 


2 


+a = (Inlz,l+iargz,)— (Inlz,|+iargz,) = logz, ~ logz,. 
% 


(b) Another way is to first show that toa( =] =-logz(z#0). To do this, we write z= re” 
Z 


and then 


te) = log( 22 = in >) +i(-@+ 2nm) =—[Inr + i(@ — 2nz)] = —logz, 
z 


where n =0,+1,+2,.... This enables us to use the relation 


log(z,z,) = logz, + logz, 


and write 


oa 2 = oa 4) = logz, + e+) = logz, — logz,. 
% 


22 2 


43 
5. The problem here is to verify that 
Un 1 
Zz" =exp 5, Be (n = ~-1,~2,...), 
given that it is valid when n=1,2,.... To do this, we put m=—n, where n is a negative 


integer. Then, since m is a positive integer, we may use the relations z?=1/z and 
1/ e* =e to write 


-l 
Zn = Cass ia =|exo(Z1o¢:)| 
m 


= y|ex0( + lez) | = exp( -=togz_] = exo( “logz), 
m m n 


SECTION 32 


1. Ineach part below, n=0,+1,+2..... 


(a) (1+i)' = expfilog(1+i)] = exp [inv + (4 + ann) 


= exp in 2- (2 + ana] = eno(-4 - 2nn Jexp( In? 


ae n takes on all integral values, the term —2nm here can be replaced by +2nz. 
US 


(l+i)' = ex -2 + ann exo( $n 2), 
(b) (-1)"" = exp| = log(-| = exp{—fin 1+i(a+ 2nal} = exp[(2n + li]. 
2, (a) PV. i =exp(iLogi) = exo i(int+ i2)| = exp(-2) 


(b) PN. [E+ - i)" = exp{3nitog &(-1 Fs v3i)}} =e] ani tesa 2)] 


= exp(2”)exp(i3) = —exp(27”). 


(c) P.V. (1-i)“ = exp[4iLog(1—i)] = exo a(InvZ -i *)| = ereitv? 
= e*[cos(4In-/2)+ isin(4In-2)] = e*[cos(2 In2) + isin(21n2)}. 


Since -1+ -V3i = 2e?””, we may write 


(-1+ V3)?” = ent| > log(—1+ 3i)| = espn 2+ (# + ans} 
= exp[In(2””) + (3n + 1) mi] = 2V2 exp[(3n +1) xi], 
where n=0,+1,42,..... Observe that if n is even, then 3n+1 is odd; and so 
exp[(3n+1)ai]=—1. On the other hand, if n is odd, 3n+1 is even; and this means that 
exp[(3 + 1)7i]=1. So only two distinct values of (—1+-+/3i)*” arise. Specifically, 
(-1+ V3i)°"? =+2y2. 
We consider here any nonzero complex number z, in the exponential form z, =r, exp iQ,, 


where -2< ©, < m. According to Sec. 8, the principal value of z'” is 4/7, eno 2s) and, 
n 


according to Sec. 32, that value is 


exo( 2 Log: = exo| + (Inr, +i0, ] = exp(In ‘y Jeno 2.) =r, exo = 
n n n 


These two expressions are evidently the same. 


Observe that when c=a+bi is any fixed complex number, where c #0,+1,+2,..., the 
power i° can be written as 


i® = exp(clogi) = exo + bi) in +2 + 2nn)}| 


= eno -0{ = + 2nz|+ i = + ann) | (n = 0,+1,+2,...). 


litl= exe|-1( $ in ann) (n=0,+1,42,...), 


and it is clear that |i‘! is multiple-valued unless b = 0, or c is real. Note that the restriction 
c#0,+1,+2,... ensures that i° is multiple-valued even when b = 0. 


SECTION 33 


1. The desired derivatives can be found by writing 


S singat ees )e +( Ze" -Ze*) 
dz dz\2i 2i\dz dz 


iz 


Ly. iz, s n2\_ e+e 
=—(ie"* +ie")= = 
i ) cosz 
and 
ee ae {Ee sie) 
dz dz 2 2\dz dz 
lye sn) b e*® —e7* 
=—(ie* — - = —- 
) ( lé ) F Sinz 
2. From the expressions 
@ —% iz e* 
sinz = and cosz= ; 


we see that 


a en 
hey e+e e* —e i 
a a a a a 


3. Equation (4), Sec. 33 is 
2sinz, cosz, = sin(z, + z,)+sin(z, —z,). 
Interchanging z, and z, here and using the fact that sin z is an odd function, we have 
2cosz, sinz, = sin(z, + z,) — sin(z, —z,). 


Addition of corresponding sides of these two equations now yields 


2(sin z, cos z, + cosz, sin z,) = 2sin(z, +z,), 


sin(z, + z,) = sinz, cosz, + cosz, Sinz). 


4. Differentiating each side of equation (5), Sec. 33, with respect to z,, we have 


cos(z, + z,) = cos z, cosz, —sinz, sinz,. 
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7. 


10. 


11. 


(a) From the identity sin? z+ cos’ z =1, we have 


+2 2 
sin cos 1 
Zz a Zz 


5 ; 57, or 1+tan?z=sec?z. 
cos’zZ cOs’z cos’z 


(b) Also, 


+42 2 
sin” Zz Cos" z 1 
——_— 4 = 


— = —-, or 1+cot?z=csc?z. 
sin’?z sin?z _ sin*z 


From the expression 


sin z= sin xcosh y +icosxsinh y, 


we find that 
Isin zl’ = sin’ xcosh? y + cos” x sinh? y 
= sin’ x(1+ sinh? y)+ (1 —sin? x)sinh? y 
= sin’ x + sinh’ y. 
The expression 


cosz = cosxcosh y +isin xsinh y, 


on the other hand, tells us that 


Icoszl’ = cos” xcosh’ y + sin? xsinh? y 
= cos’ x(1+ sinh” y) + (1—cos? x) sinh? y 


= cos’ x +sinh? y. 


Since sinh’ y is never negative, it follows from Exercise 9 that 


(a) lsinzP’2>sin?x, or Isinzl >Isinx 
and that 
(b) lcoszl?2cos*x, or Icoszi>Icosxl. 


In this problem we shall use the identities 


Isin zl’ = sin? x+sinh? y, |coszl?=cos? x + sinh’ y. 
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(a) Observe that 
sinh? y =lsin zi” —sin? x < |sin zi” 
and 
lsin zl” = sin? x + (cosh” y — 1) = cosh” y-(1—sin? x) 


= cosh’ y —cos’ x $ cosh’ y, 


sinh’ y <Isinzl’< cosh’ y, or sinh yiSlsinzl< cosh y. 


(b) On the other hand, 


sinh” y =IcoszI’ —cos” x <Icos 2” 
and 
Icos zi” = cos” x + (cosh? y ~ 1) = cosh? y — (1 —cos’ x) 
= cosh’ y — sin? x $ cosh’ y. 
Hence 


sinh? y $Icoszl’< cosh? y, or Isinh yl$lcoszl< cosh y. 


13. By writing f(z) =sinZ = sin(x —iy) = sinxcosh y —icosx sinh y, we have 


f(z) = u(x, y) +iv(z, y), 
where 


u(x,y)=sinxcoshy and v(x,y)=—cosxsinhy. 
If the Cauchy-Riemann equations u, =v,, u, =—v, are to hold, it is easy to see that 
cosxcoshy=0 and sinxsinhy=0. 
Since coshy is never zero, it follows from the first of these equations that cosx = 0; that is, 


a ; ee 
x= are (n=0+1,+2,...). Furthermore, since sinx is nonzero for each of these values 


of x, the second equation tells us that sinhy=0, or y=0. Thus the Cauchy-Riemann 
equations hold only at the points 


zattnn (n=0+1,42....). 


Evidently, then, there is no neighborhood of any point throughout which f is analytic, and 
we may conclude that sinZ is not analytic anywhere. 
The function f(z) =coszZ =cos(x —iy) = cosxcosh y +isinxsinh y can be written as 


F(z) = u(x, y) + iv(x,y), 
where 
u(x,y)=cosxcoshy and v(x,y)=sinxsinh y. 
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If the Cauchy-Riemann equations u, =v,, u, =—v, hold, then 


sinxcoshy=0 and cosxsinhy=0. 


The first of these equations tells us that sinx=0, or x=naz(n=0,+1,+2,...). Since 
cosna#0, it follows that sinhy=0, or y=0. Consequently, the Cauchy-Riemann 
equations hold only when 


Z=nt (n=0+1,+2,...). 


So there is no neighborhood throughout which f is analytic, and this means that cosz is 
nowhere analytic. 


16. (a) 


(b) 


Use expression (12), Sec. 33, to write 
cos(iz) = cos(—y + ix) = cos ycoshx —isin ysinhx 
and 
cos(iZ) = cos(y + ix) = cos ycoshx —isin ysinh x. 


This shows that cos(iz) = cos(iz) for all z. 


Use expression (11), Sec. 33, to write 


sin(iz) = sin(-—y + ix) = —sin ycoshx —icos ysinh x 
and 
sin(iz) = sin(y + ix) = sin ycosh x +icos ysinh x, 


Evidently, then, the equation sin(iz) = sin(iZ) is equivalent to the pair of equations 


sinycoshx=0, cosysinhx =0. 


Since coshx is never zero, the first of these equations tells us that siny=0. 
Consequently, y=nz (n=0,£1,+2,...). Since cosna=(-1)" #0, the second 
equation tells us that sinhx=0, or that x=0. So we may conclude that 
sin(iz) = sin(iZ) if and only if z=O+ina =nzi (n=0,41,+2....). 


17. Rewriting the equation sinz=cosh4 as sinxcosh y+icosxsinh y =cosh4, we see that we 


need to solve the pair of equations 


sinxcoshy=cosh4, cosxsinhy =0 


18. 
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forx and y. If y=0, the first equation becomes sin x = cosh 4, which cannot be satisfied by 
any x since sinxS1 and cosh4>I1. So y+0, and the second equation requires that 
cosx =0. Thus 


xattnn (n=O+1,+2....). 
Since 


sin( 2 + nz] =(-)’, 


the first equation then becomes (—1)” cosh y = cosh4, which cannot hold when n is odd. If n 
is even, it follows that y= +4. Finally, then, the roots of sinz=cosh4 are 


; -(4+ 2m |i (n= 041,42...) 


The problem here is to find all roots of the equation cosz=2. We start by writing that | 
equation as cosxcosh y —isinxsinh y =2. Thus we need to solve the pair of equations 


cosxcoshy=2, sinxsinhy=0 


for x and y. We note that y#0 since cosx =2 if y=0, and that is impossible. So the 
second in the pair of equations to be solved tells us that sinx=0, or that x=n7 
(n= 0+1,+2,...). The first equation then tells us that (—1)" cosh y = 2; and, since coshy is 
always positive, m must be even. That is, x =2na (n =0+1,+2,...). But this means that 
coshy = 2,or y=cosh™2. Consequently, the roots of the given equation are 


z=2nn+icosh"2 (n=0+1,42....). 


To express cosh™2, which has two values, in a different way, we begin with 
y=cosh™ 2, or coshy = 2. This tells us that e” + e~” = 4; and, rewriting this as 


(e’Y -4(e”)+1=0, 


we may apply the quadratic formula to obtain e” = 2+ +3, or y =In(2+~3). Finally, with 
the observation that 


_ Ry x nl (2-302 +3) ]_ (1) 
In(2 =o] O=VIE ENS) Fe }-"(sha)- In(2 + V3), 


we arrive at this alternative form of the roots: 


z=2nnztiln(2+~73) (n=0+1,+2....). 
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SECTION 34 


1. 


To find the derivatives of sinhz and coshz, we write 


and 


d _dfett+e*\) id -2, ee" 
—coshz =— =~—(e+e")= = si 
ze Al 5 (e* +e*) 5 sinh z. 
Identity (7), Sec. 33, is sin’ z+cos? z= 1. Replacing z by iz here and using the identities 
sin(iz)=isinhz and cos(iz)=coshz, 
we find that i” sinh” z + cosh? z =1, or 
cosh? z—sinh? z =L. 

Identity (6), Sec. 33, is cos(z, + z,) = cosz, cosz, ~sinz, sinz,. Replacing z, by iz, and 
z, by iz, here, we have cos[i(z, + z,)]=cos(iz,)cos(iz,)—sin(iz,)sin(iz,). The same 
identities that were used just above then lead to 


cosh(z, + z,) = coshz, coshz, + sinh z, sinh z,. 


We wish to show that 
lsinh xl<!cosh zl< cosh x 


in two different ways. 


(a) Identity (12), Sec. 34, is cosh zl? = sinh’ x+cos’ y. Thus Icoshzi’—sinh? x >0; and 
this tells us that sinh? x <Icoshzl’, orlsinhxi<icoshzl. On the other hand, since 
icoshzl’ = (cosh’ x — 1) + cos” y = cosh? x — (1—cos” y) = cosh? x — sin” y, we know that 
Icoshzl’ ~cosh? x < 0. Consequently, Icosh zi? < cosh? x, or Icosh zI< cosh x. 


(b) Exercise 11(b), Sec. 33, tells us that Isinh yl<lcoszl< cosh y. Replacing z by iz here and 
recalling that cosiz =coshz and iz =—y+ix, we obtain the desired inequalities. 


(a) Observe that 
; a OM eM) tg _ pty Mgt 4 gmt e—e* : 
sinh(z + mi) = ——————- = <=" £§ 76 7 1 6 EL sinh. 


$1 


(b) Also, 


J (2+ 78) zim Zz -m z ag t 
: é +e ee +e “e ~e°—eé e+e 
cosh(z + zi) = ————_—- = ———— = — = —-——_ = - coshz. 
2 2 2 2 


(c) From parts (a) and (b), we find that 


tanh(z + 2i) = ————— = ———— = ———_ = tanh zz. 
( ) cosh(z+ mi) -coshz coshz i 


9, The zeros of the hyperbolic tangent function 


_ sinhz 
cosh z 


are the same as the zeros of sinhz, which are z=nai (n = 0,+1,+2,...). The singularities of 


tanhz are the zeros of cosh z, or 2=(Z+nn i (n= 0,+1,£2,...). 


15. (a) Observe that, since sinhz =i can be written as sinhxcos y+icoshxsiny =i, we need 
to solve the pair of equations 


sinhxcosy=0, coshxsiny=1. 


If x=0, the second of these equations becomes sin y=1; and so y= t+2nn 


(n= 0,+1,+2,...). Hence 
1), 
z= (2n+ + (n= 0,41,£2....). 


If x#0, the first equation requires that cosy=0, or yattnn 


(n=0,+1,+2,...). The second then becomes (-1)" coshx =1. But there is no nonzero 
value of x satisfying this equation, and we have no additional roots of sinhz =i. 


(b) Rewriting coshz= ; as coshxcosy+isinh xsin y = = we see that x and y must satisfy 


the pair of equations 


coshxcosy = : , sinhxsiny=0. 
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If x=0, the second equation is satisfied and the first equation becomes 


cosy ==. Thus yscost=t2+2nn (n= 0,+1,+2,...), and this means that 


z= (ana) (n =0,+1,+2,...). 


If x #0, the second equation tells us that y= na (n =0,£1,+2,...). The first then 


becomes (-~1)” coshx = > But this equation in x has no solution since coshx 21 for 


all x. Thus no additional roots of coshz = ; are obtained. 


16. Let us rewrite coshz=-—2 as coshxcosy+isinhxsiny=—2. The problem is evidently to 
solve the pair of equations 


coshxcosy=—2, sinhxsiny=0. 


If x =0, the second equation is satisfied and the first reduces to cos y = —2. Since there 
is no y satisfying this equation, no roots of coshz =—2 arise. 
If x #0, we find from the second equation that siny=0, or y=nz (n=0,+1,+2....). 
Since cosnz=(-1)", it follows from the first equation that (~1)"coshx=~—2. But this 
equation can hold only when n is odd, in which case x = cosh” 2. Consequently, 


z=cosh!2+(2n+1)zi (n=0,+1,+2....). 


Recalling from the-solution of Exercise 18, Sec 33, that cosh 2 = +In(2 + V3 ), we note that 
these roots can also be written as 


z=tln(2+-V3)+(2n+ Dz (n= 0,41,42....). 


Chapter 4 


SECTION 37 


(c) Since le~>#l= e~**, we find that 


rer b ze tb 
feat = lim feat = lim B = ue lim(1 = e**) = i 
7 bee 5 b> Zz 


“L —Z Jizo 


3. The problem here is to verify that 


0 when m# n, 


2a 
fe*e**ao = 
; 2x when m=n. 


To do this, we write 
22 


28 
T= J eee dg = fe-r'de 
0 0 


and observe that when m #n, 


I -| enn | ee one 1 = 
i(m-n)|, i(m—n) i(m-n) — 


When m=n, I becomes 
22 
I= J d0 =2n; 
0 
and the verification is complete. 
4. First of all, 
x ; 4 4 
fede = fe’ cosxdx +ife* sin x dx. 
0 0 0 


But also, 


1+i 1+i 1-i 2 
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when Re z > 0. 
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Equating the real parts and then the imaginary parts of these two expressions, we find that 


x P 1 z n x 
Je cosx dx =— ne and fetsinx de = ++? : 
0 0 
Consider the function w(t) =e" and observe that 
2" an 2 
Jwoat =fetde -|£] rs: 0. 
0 0 t 0 t I 


Since Jw(c)(22—0)| =|e"|2" = 27 for every real number c, it is clear that there is no number 
c in the interval 0 <t< 22 such that 


22 
J w(t)dt =w(c)(22-0). 
0 


(a) Suppose that w(t) is even. It is straightforward to show that u(t) and v(#) must be even. 
Thus 


[ucodt =[uteat +if vat =2[ u(e)dt + 2if wae 
tg -a ~a 0 0 


= jaca + if vod = 2 w(f)at. 
0 9 0 


(b) Suppose, on the other hand, that w(t) is odd. It follows that u(t) and WA) are odd, and so 


[weerat =[u(eydt +i or =0+10=0. 


Consider the functions 
1% , 
P,(x)=—|(x+ivi-x? cos6] d@ (n=0,1,2,...), 
a 0 


where -lSx<1. Since 


r+ivi-2? cos 6| =x? +(1—x")cos? @ $4/x? +(1-x’) =1, 
it follows that 
|P.|s—f]x+ivi—x cos of do <4 fae =1 
ni ne 


SECTION 38 


1. (a) Start by writing 
T= [ w(-1dt =f u(—2)dt +ifv(-t)de. 
-b -b -b 
The substitution t= -t in each of these two integrals on the right then yields 


[= -f u(t)dt— if v(t)dt = fuccyas + if v(tdt = [ucerae. 
b & 


That is, 
-a b 
f w(-f)dt = f w(t)dt. 


(b) Start with 


I= cede = fuceya + if eae 


355 


and then make the substitution t = (7) in each of the integrals on the right. The result 


1S 


B A A 
T= Jul g(a)’ (ade + if ug(a)le’ ade = [ wale’ (addr. 


a 
That is, 


b A 
[wat =| wlo(mo’(a)de. 


3. The slope of the line through the points (@,a) and (8,6) in the tt plane is 


b-a 
B-a 


ni= 


So the equation of that line is 
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Solving this equation for ft, one can rewrite it as 


b-a_ aB-ba 
t=—— T+ -——_, 
B-a B-a 

Since t = (7), then, 


_b-a_, aB-ba 
peg Raa ; 


If Z(t) = 2[@(7)], where z(t) = x(t) +iy(t) and ¢ = @(1), then 


Z(t) = x[6(4)] + if 9(7)]. 


Hence 


Z'(t)= £190) +i Zon] = xT +H O16) 


={xTo(0)] + iyTo(Oh6'(2) = z16(7)]9"(o). 


If w(t) = f{z(t)] and f(z) =u(x,y)+iv(x,y), z(t) = x(t) + iy(t), we have 
w(t) = u[x(t), y(t)] + ifx(2), y(t)]. 
The chain rule tells us that 
a =u,x’+u,y’ and @ =V,x' +V,y', 


and so 
w'(t) = (u,x" + uy’) + i(v,x' + v,y’). 


In view of the Cauchy-Riemann equations u, =v, and «, =—v,, then, 
w(t) = (u,x’— vy) +i(v,x" +u,y’) = (u, +iv, a’ + iy’). 

That is, 
w(t) = {u,[x(¢), xQ)] + ve), YORE’) + iy’) = F Tele") 


when t=. 


SECTION 40 


1. (a) Let Che the semicircle z= 2e"° (0< OS 2), shown below. 


Then 
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J. eke =|. (142 2) c= [(1+ sFr)aie*ao =2if e® + nao 
0 


=| vo) =2iG+a+i)=-44+2m1. 
0 


(b) Now let C be the semicircle z = 2e (47 < 0 < 27) just below. 


This is the same as part (a), except for the limits of integration. Thus 


an 
[a= 2 = +0] =2i(-i+2n-i-2m)= 


(c) Finally, let C denote the entire circle z= 2e (0S 9S 27). 


J ER ye 


44+2ni. 


In this case, 


the value here being the sum of the values of the integrals in parts (a) and (b). 


2. (a) Thearcis C:z=1+e (7< 052m). Then 


[L.- I)dz= faser- = Di"d0= i fe?*a0 =i] 


1 i4x e2* 
salen = )=50- 1)=0. 


i286 


ig 
4 
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(b) Here C:z=x(O<Sx<2). Then 


2 


[.@-Dd [uae [2-5] =0, 


3. In this problem, the path C is the sum of the paths C,, C,, C,, and C, that are shown below. 


The function to be integrated around the closed path C is f(z) = me". We observe that 
C=C,+C,+C,+C, and find the values of the integrals along the individual legs of the 
square C. 


(i) Since C, is z=x (OS x1), 


L 
I. me enele *dx =e" —1, 
(ii) Since C, is z=1+iy(O<S ys), 
7 . 
I. ne™dz=1 f eo Nidy = e xi i e dy =2e”. 
0 0 
(iit) Since C, is z=(1-—x)+i(0SxS1), 
1 1 
nz x[(1-x)-i] = 5 ee 2 
[7 meals a dx =e" 1. 
(iv) Since Cyis z=i(1—y) (OS yS1), 
L i 1 : 
. ne™ dz acs aleren (-i)dy = nil e'*dy =-2. 
0 
Finally, then, since 


J ne" de = [ me™ de + [ ne" de + [ me" de + [ me™*dz, 
Cc Q C; Cc; Cy 


we find that 
I. me"*dz = 4(e* —1), 
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4. The path C is the sum of the paths 


C:z=xtix’ (-1SxS0) and G:z2=x+ir’? (OS x81). 
Using 
f(z)=lonC, and f(z)=4y=4x? on C,, 


we have 
J F(zdz =|, S(z)dz+ [.. F(zdz =fia +13x")dx + fava + 13x’ )dx 
1 0 
= fax + aif dx + af rac + 12if x%de 
-l -1 0 0 


=[x], +i[x°]! +[x‘]) + 2i[x°], = 148414 2= 2433, 


The contour C has some parametric representation z= z(t)(aSt<b), where z(a) = z, and 
z(b)=z,. Then 


Ja = fe@at = [(t)]? = z(b)~ z(a) =z, —%,. 


To integrate the branch 


ziti = gotta: (Izl> 0, 0 < argz< 27) 


around the circle C:z =e" (0S @< 27), write 
: ; 25 : : ’ 22 : ; 2a 
J. gut dz= [: ef ti)logz dz= fern ie*dO = ife*e ede ae ife*de = i(l = e*). 


0 0 0 


Let C be the positively oriented circle Izl=1, with parametric representation 
z=e” (0< @<2n), and let m and n be integers. Then 

Qn or see 2a ; ; 
J. 2" z"dez = J(e*) (e"?) ied = i femme ad9. 


0 
But we know from Exercise 3, Sec. 37, that 


feme*°a0 = 


bee . when m#n, 
0 


2x when m=n. 
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Consequently, 


ae 0 when m+1l¥n, 
i) 2" zZ"dz= ; 
c 2mi when m+l=n. 


8. Note that C is the right-hand half of the circle x’+y’=4. So, on C, x=4-y’. This 


suggests the parametric representation C:z= 4 -y’ +iy(-2S yS$2), to be used here. 


With that representation, we have 


[.za= (e-¥-»)[ asi} 
2 2 2 
-Jro+pareif[ re Hr |e 


Sp ae ay ~ if sin(2 ] 
-2 j4-y° . 1 4-y Nee 2) -2 


= 4 [sin (1) — sin" (-1)] = 4 E - (-2) = Ani. 


10. Let C, be thecircle z=z,+Re® (-17< OS 7). 


dz = t 1 - 16 _.f = é 
(a) ams =| ae Rie d9 =| d0=27 


(b) When n=+1,+2,..., 


J, @~ 0)" 'de = f(re® J)" Rie!*d0 = iR" [eae 


-z 


11. In this case, where a is any real number other than zero, the same steps as in Exercise 10(b), 
with a instead of n, yield the result 


J (2-25) 'dz =i ak sin(az). 
Co a 
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12. (a) The function f(z) is continuous on a smooth arc C, which has a parametric 
representation z=z(t)(a<t<b). Exercise 1(b), Sec. 38, enables us to write 


b B 
| fle@e’ ae =[ AZ e'TOM¢’ (a, 
where : 7 


Z(t) = z[9(7)] (ast). 
But expression (14), Sec 38, tells us that 


2'[9(1)]6'( 1) = 2'(1); 


and so 


b 8 
J flee’ (dt =] fIZ(DIZ' (Dae. 


(b) Suppose that C is any contour and that f(z) is piecewise continuous on C. Since C can 
be broken up into a finite chain of smooth arcs on which f(z) is continuous, the 
identity obtained in part (a) remains valid. 


SECTION 41 


1. Let Cbe the arc of the circle IzlI= 2 shown below. 


Without evaluating the integral, let us find an upper bound for I. z + To do this, we 
v4 —_ 


note that if z is a point on C, 
\2? -1,2|I27I-1| =[Iz!? -1]=14 -1=3. 


Thus 


< 
3 


1 |- 1 
2—1t t2-il 
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. i : 
Also, the length of C is q4*) = 7. So, taking M= : and L= 7, we find that 


2. The path C is as shown in the figure below. The midpoint of C is clearly the closest point on 
C to the origin. The distance of that midpoint from the origin is clearly a the length of C 


being V2. 


V2 


Hence if z is any point on C, Izl> oa This means that, for such a point 


Consequently, by taking M=4 and L = V2, we have 


ee < ML = 4y2. 
CZ 


3. The contour Cis the closed triangular path shown below. 


To find an upper bound for 1G - del, we let z be a point on C and observe that 


le*—ZISlel+IZl=e* +x +y’. 
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But e* $1 since x <0, and the distance /x? +y? of the point z from the origin is always 
less than or equal to 4. Thus le*—ZI<5 when zis on C. The length of C is evidently 12. 
Hence, by writing M = 5 and L = 12, we have 


| ue ~ 2)de| < ML =60. 


Note that if Izi= R (R> 2), then 


I2z* -N< 22? +1=2R? +1 


and 


lz +527 +41 =|z? +1 lz” +412 | Iz? -1| [Iz 4] = (R? —1)(R? — 4), 


Thus 
227-1 |__ t2z7- R41 
zi+527+4] Iz4+5z27+417” (R? -1)(R? -4) 


when Izl= R (R>2). Since the length of C, is 2R, then, 


Fly, i 
j 42-1 ple AR(2R°+1) RR). 
cagt+5z +4. | (R14) (1-g\1-3)’ 
R? R 


and it is clear that the value of the integral tends to zero as R tends to infinity. 


Here C, is the positively oriented circle IzlI= R(R>1). If zis a point on C,, then 


Logz}_!inR+i0! . nR+lOl _ 7+InR 
een a Re or Re 


since ~™<O< 7. The length of C, is, of course, 27R. Consequently, by taking 


_a+InR 
same 


M 


and L=22AR, 
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we see that 
[SBE de|s mz =20( 242), 
C2 Z R 
Since 
lim m+inR _ 5, RL 
Reo R Rye 
it follows that 
Logz , _ 
R->0o Ii, 2 dz a 0 


Let C, be the positively oriented circle |zl= p (0 <p <1), shown in the figure below, and 
suppose that f(z) is analytic in the disk IzI<1. 


We let 2” represent any particular branch 
evl= exo(- $082 = ex|—5 (nr 2) = srext(-i5 (r>0,a<@0<a+2z7) 
2 2 vr 2 


of the power function here; and we note that, since f(z) is continuous on the closed 
bounded disk |z! <1, there is a nonnegative constant M such that | f(z)ls M for each point z 
in that disk. We are asked to find an upper bound for If. eo fede To do this, we 
observe that if z is a point on C, ; 
= x M 
|z ? F(z) |=|z 1 f(2)|S—=. 
iP 


Since the length of the path C, is 2p, we may conclude that 


< Monp =2M Jp. 


Jp 


Note that, inasmuch as M is independent of p, it follows that 


J, zt F(z)dz 


lim ; z? F(z)dz = 0. 
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SECTION 43 


1, The function z” (m = 0,1,2,...) has the antiderivative z"*'/(n+1) everywhere in the finite 
plane. Consequently, for any contour C from a point Z, to a point z,, 


n+] 22 ntl n+l 
Zz Zz I 
z"dz=|z os a n+l _ atl) 
J. Jere I n+1 n+l sail 4 
i/2 xz 7H2 inf2 ix 
—e i+] Lti 
2G) fern nr er as 


ni Pay aie ie, i(Z+i) bs ~i(F+) PC ee 
(b) J cos( 2} dz= asin(2)] = 2sin( = 4 ' = Gee ao = ~i(e Mel _ e) 


--i(E+ie)-tre-e4t 
é é é 
(c) foe- 2) de = AY aoe es 


3. Note the function (z— z))"""(n = +1,+2,...) always has an antiderivative in any domain that 
does not contain the point z=z,. So, by the theorem in Sec. 42, 


ie (z-z)" ‘dz =0 


for any closed contour C, that does not pass through z. 


5. Let C denote any contour from z=-1 to z=1 that, except for its end points, lies above the 
real axis. This exercise asks us to evaluate the integral 


i 
I= fziaz, 
+1 
where z' denotes the principal branch 


z' = exp(iLogz) (l2di>0,-m< Argz< 2). 
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An antiderivative of this branch cannot be used since the branch is not even defined at 
z=-—l. But the integrand can be replaced by the branch 


z = exp(logz) (Ia>o, -Zcage<) 


since it agrees with the integrand along C. Using an antiderivative of this new branch, we 
can now write 


gay 4 1 
1 = Se a 1 i+] = -1 i+l Set (i+1) log = (1+1) log(-1) 
I. lea . 


Lf céstyan14i0) — G+1)n tein) 1 _nin\ 1te”* 1-i 
=——le -e =—(l- = — 
=a age ser es 
lt+e : 
ae (1-#) 


SECTION 46 


2. Thecontours C, and C, are as shown in the figure below. 


In each of the cases below, the singularities of the integrand lie outside C, or inside C,; and 
so the integrand is analytic on the contours and between them. Consequently, 


[, f@d= J, Fedde. 
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1 : oe : 1, 
(a) When f(z)= 3p al’ the singularities are the points z= toRi 


+1 
zt+2 : “a 
(b) When f(z) =————, the singularities are at z = 2nm (n = 0,+1,+2.,...). 
sin(z /2) 
(c) When f(z) => = , the singularities are at z = 2nmi (n = 0,+1,+2....). 


(a) In order to derive the integration formula in question, we integrate the function ¢7*" 
around the closed rectangular path shown below. 


Since the lower horizontal leg is represented by z=x (-aS x Sa), the integral of 
et along that leg is 


ete. 
0 


Since the opposite direction of the upper horizontal leg has parametric representation 
z=x+bi (-aS xa), the integral of e~* along the upper leg is 


a a a a 
tabi? z2f7 _,2 L: 27 42 St f mx? 
-fe (2400 de = —e? fe ee dy = —e? fe * cos2bx dx + ie’ fe * sin 2bx dx, 


-a -a a wa 


or simply 


—2e” J e* cos2bx dr. 


0 


Since the right-hand vertical leg is represented by z=a+iy (0S y <b), the integral of 
e* along it is 


& b 

a. PAY ae oe 2 _; 
Je (atiy) idy =ie a fe A i2ay dy, 
it] 0 
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Finally, since the opposite direction of the left-hand vertical leg has the representation 
z=-atiy (OS y<b), the integral of ee along that vertical leg is 


b b 
-(~atiy)? » ered, 2 + 
-fe tidy = —ie™* fe ody. 
0 0 


According to the Cauchy-Goursat theorem, then, 


a 


a : : b b 
afe* dx —2e” f e* cos2bx dx + ie fee dy ~ie™* fer e?dy =0; 
ic : ee ee ee ieee 
Sadi a ; ce 


and this reduces to». be bag) 
. ¢ 
a a : b 
Je cos2bx dx =e Je dx + et e” sin 2ay dy. 
0 0 i] 


(b) We now let a-—>c in the final equation in part (a), keeping in mind the known 
integration formula 


and the fact that 
2 2 ; 2 2 2 7 
- ° a 2 
ee ns sin 2ay dy|< e"* ** fe’ dy 0 as a=, 
0 0 


The result is 


Jer cos2bx dx = va (b>0). 


0 


6. We let C denote the entire boundary of the semicircular region appearing below. It is made 
up of the leg C, from the origin to the point z =1, the semicircular arc C, that is shown, and 
the leg C, from z =—1 to the origin. Thus C=C, +C€,+G,. 
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We also let f(z) be a continuous function that is defined on this closed semicircular region 
by writing (0) = 0 and using the branch 


fl =vre®? (+>0-Z< 9< 32) 


of the multiple-valued function z'”. The problem here is to evaluate the integral of f(z) 
around C by evaluating the integrals along the individual paths C,,C,,and C, and then 
adding the results. In each case, we write a parametric representation for the path (or a 
related one) and then use it to evaluate the integral along the particular path. 


(i) CG: z=re® (OSrS}). Then 
|, foa= jr dr = Eaal =2. 
(ii) Cy: z=l-e” (OS @Sz). Then 
J. F(z)dz= feo -ie*d@ = ife™a0 = if Zeoen ve 24-2 ash 
: 0 0 i 0 3 3 
(iii) -C,: z=re™ (OS rS1). Then 
1 1 1 
ie f(z)dz = male f(z)dz= [rede =i J Vrdr = Fal = Si 
The desired result is 
[.ferde=f, ferder|, perder, feode= 2-204 +2i=0. 


The Cauchy-Goursat theorem does not apply since f(z) is not analytic at the origin, or even 


defined on the negative imaginary axis. 


SECTION 48 


1. In this problem, we let C denote the square contour shown in the figure below. 
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edz 


(a) ieererey =27i(-i)=27. 


= 2ni[e*| 


2=ni/2 


cosz_, _ ¢ (cosz)/(z +8) [5] 7 (3)-2 
(6) le J. z-0 Bnee 2 +8) 20 ais ~ 4° 


zdz z/2 {z] ( i) mi 
=) —— =2 = =2 -—-|=-—, 
(c) lore lary” . 24 2-112 m 4 2 


h h Z J 
(a) {SSPE a =f OSE ap = ee Fone] =Zo=0. 


z (z = 0)*" 


tan(z/2) , _¢ tan(z/2) , _2aifd. (z 
(e) ie (2—x,)" a= | dz= rT Feat dhe. 


ofl 
= 2ri( sec?) = imsec (2 5 | when -2 <x, <2. 


Let C denote the positively oriented circle |z—il=2, shown below. 


(a) The Cauchy integral formula enables us to write 


j dz = dz =| U/(Z+2i) 5 
cz?44 I (g—2i)(z+2i) c 


(b) Applying the extended form of the Cauchy integral formula, we have 


—— dz =| ee p= hl E d_i 
e(+ay "ee 2y(z+2 fe (- 21" de (2+ 2i) 


2 nl aa _r4ni__-4ni_ on 
(z+2i)° ay (4i? -(16)(4)i 16° 


1 : nt 
=2 =2ni| —|=—. 
z-2i “() (i) 2 
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3. Let C be the positively oriented circle |zl= 3, and consider the function 


2 _— — 
g(w) = [ae (lst 3). 


We wish to find g(w) when w = 2 and when Iwl> 3 (see the figure below). 


We observe that 
_f 2z°-z-2 ee er : ; 
62)> | dz = 2ni[2z -z~2] = 2mi(4) = 871. 


On the other hand, when |w| > 3, the Cauchy-Goursat theorem tells us that e(w)=0. 
5. Suppose that a function fis analytic inside and on a simple closed contour C and that zp is 
noton C. If zy is inside C, then 


LOE _ 4 pier fide _¢ fide _ 2m, 
le Z—Zy = 2 nif (29) and I. zZ-z,)° ~ c@-zy 1 


[@4- f(z)dz 
Cz-z %*€(z-z,)* 


The Cauchy-Goursat theorem tells us that this last equation is also valid when % is exterior 
to C, each side of the equation being 0. 


7. Let C be the unit circle z=e (-4m7<@< z), and let a denote any real constant. The 
Cauchy integral formula reveals that 


|. = le = ale = 271. 
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On the other hand, the stated parametric representation for C gives us 


az Ed 10 x 
f £ we [22GO ieee = i fexpla(cos 6+ isin 0)|d@ 
Cz é a 


=j f 70088 giasind 1g — if e*™*[cos(asin 6) +isin(asin 0)|d@ 


4 x 
=~ J e**? sin(asin @)d0 +i f e**? cos(asin 0)d8. 


ae oe 
: : e* 
Equating these two different expressions for the integral J <a, we have 
Zz 
Rn er 
a i e*9 sin(asin 0)d0 +i f e*8 cos(asin 0)d@ = 271. 
x -% 
Then, by equating the imaginary parts on each side of this last equation, we see that 
x 
fee cos(asin 0)d0 = 27; 
-« 
and, since the integrand here is even, 


fe cos(asin @)d@ = x. 


0 


8. (a) The binomial formula enables us to write 


Af yA S/M seme y 
P,(2) = ae =e ESF ad 


We note that the highest power of z appearing under the derivative is z°", and 
differentiating it n times brings it down to z”. So P,(z) is a polynomial of degree n. 


(b) We let C denote any positively oriented simple closed contour surrounding a fized point 
z. The Cauchy integral formula for derivatives tells us that 


Zi ' = (s? =" 5, = ; ; 
ee “he ys (n »1,2,...). 


Hence the polynomials P,(z) in part (a) can be written 


P,(z) = 


(“= (s* (se -1" 7, (n=0,1,2,...). 
Cc 


=a (s- yee 


| 
j 
i 
i 
1 
i 


(c) Note that 


(s? -1)" _ (s-)"(s +1)" 2 (s+1)" 


(s-1)"" (s-1)"" 


s-l 


Referring to the final result in part (6), then, we have 


glia 


P,AD= 


Also, since 


(say Y= 5 rial FI 


(s+1)" 


w-ly” _-D"(s+I" _ (s-1)" 


(+p (s+ 


we have 


1 (s? fs =)" 5, sj So 
C s+i 


P(-1 =—— 
n( )= laa c(saprn “i ni 


. Weare asked to show that 


f(s)ds_ 


f"@)= eolee a 


Dee ae 
=,(-2) 


(a) In view of the expression for f'(z) in the lemma, 


Perdd~ fo _ 1 | 1 
Az 2ni 


eal 2(s—z)- 
«(s—z—Az)’ 


2 


Then 


eas a A sok 
Ht 


Az it (s—z) Qni 


re 


mi +| (s—z—Az)? ~ (s—zy 


Az 


Az 


capil was 


1 f(s)ds 


ds= 19" =1 (n 
2 


=(-1)" (n 


(s—-z—Azy(s—zy (s— = 


| 2(s—z)—Az 


3(s — z)Az - 2(Az)’ 


(s-—z~Az)*(s—z) 


sf (s)ds. 


=0,1,2,... 


=0,1,2,... 


a5 |roms 
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). 


). 
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(b) We must show that 


(3DIAzl +21 Azi?)M 


3(s — z)Az —2(Az)? 
J allie (d-tAzl)d? 


(s-—z—Azy(s—z)° 


Now D, d, M, and L are as in the statement of the exercise in the text. The triangle 
inequality tells us that 


13(s — z)Az —2(Az)"I< 3ls — zl |Azl + 21AzI? < 3DIAzl + 21Azi. 


Also, we know from the verification of the expression for f'(z) in the lemma that 
ls -z—Azl 2 d—lAzl> 0; and this means that 


I(s —z—Az)*(s—z)'12(d-lAzl)’d’ > 0. 
This gives the desired inequality. 
(c) Ifwelet Az tend to 0 in the inequality obtained in part (b) we find that 


me { 3(s — z)Az — 2(Az)? 


A902 71 C(s¢—z—Az)*(s—z) f(s)ds = 0. 


This, together with the result in part (a), yields the desided expression for f"(z). 
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Chapter 5 


SECTION 52 


1. 


We are asked to show in two ways that the sequence 


es =~ 2415 (n=1,2,...) 


converges to —2. One way is to note that the two sequences 
xX, =-2 and y,=—>— (n=1,2,...) 
n 


of real numbers converge to —2 and 0, respectively, and then to apply the theorem in Sec. 


51. Another way is to observe that |z, — (-2)| = a Thus for each e>0, 
n 
le -(- 2)| <é€ whenever n>n,, 


: Hibs 8 1 
where n, is any positive integer such that n, > Ue 
€ 


Observe that if z, =-2+i = (n =1,2,...), then 


r, =Iz,l= ‘eae +2. 
n 


But, since 


o., = ArgZ), meaesd and 9,41 = Arg 24-1 oe ee (n = 1,2,...), 


the sequence ©, (n=1,2,...) does not converge. 


Suppose that limz, =z. That is, foreach ¢>0, there is a positive integer n, such that 
Rm—doo 


Iz, -zl< € whenever n>n,. In view of the inequality (see Sec. 4) 
lz, -zl2itz,Izil, 


it follows that Ilz,I-Izll< € whenever n>n,. That is, limiz,!=Izl. 
Apo 


The summation formula found in the example in Sec. 52 can be written 


Sizt=—— when Id<1. 
Laz 


n=} 
If we put z= re’, where 0<r<1, the left-hand side becomes 


rey" a Yen? = a cosn@+ ivr sinn@; 


n=1 n=l n=l n=1 


and the right-hand side takes the form 


re? 1=re® ns re?’ —r* _rcos@—r’ +irsin@ 
l—re® 1-re® = 1-r(e® +67) 47? 1-2rcosO+r’ 
Thus 
= i ops rcos@—r? : rsin@ 
Yr" cosn8 +i) 7" sinn@ = ————__. i—————_,.. 
1-2rcos@+r 1-2rcosO+r 


n=l n=l 


Equating the real parts on each side here and then the imaginary parts, we arrive at the 
summation formulas 


2 oo A 
rcos@—r : rsin@ 
and Sr sinn@ = 


r" cosn@ = ——————_ EE aT 
py 1-2rcos@+r? aay 1-2rcosO+r’ 


n=l 


where 0<r<1. These formulas clearly hold when r =0 too. 


Suppose that }'z,=S. To show that )\z,=S, we write z, =x, +iy,, S=X+i¥ and 


n=l n=l 


appeal to the theorem in Sec. 52. First of all, we note that 


Vix, =X and Sy, =¥ 


n=l n=] 


Then, since S(A-y,)= =-Y, it follows that 


n=] 


vz =Yu, -iy,) = Sky, +i(-y,)]=X-iY=S. 


n=l n=l n=l 
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8. Suppose that D4 = S$ and >, =T. In order to use the theorem in Sec. 52, we write 


n=l a=1 


Z, =X, tiy,, S=X+iY and w,=u,+iv,, T=U+iV. 


Now 
vx, =X; dy, =Y and Yu, =U, vy, =V. 
n=l n=l n=l n=] 
Since 
VG, +4) =X+U and YU, +v,)=V+V, 
n=l n=l 
it follows that 
SiG, +4, +iGy, tv, )]=X+U+i(¥ + V). 
n=l 
That is, 
MiG, +,) + &, tiv, )] = X+i¥ +(U +iv), 
n=] 
or 
dG, +w,)=S+T. 
a= 
SECTION 54 


1. Replace zby z’ in the known series 


2A 


— 2 
cosh z= 
: airy 


to get 


oo gan 
ene 2 (2n)! 
n=0 . 


(Izl< 00) 


(Izl< 0°), 


Then, multiplying through this last equation by z, we have the desired result: 


5 oo zintl 
zcosh(z =D on 
a=0 . 


(lzl< 00). 
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2. (b) Replacing z by z—1 in the known expansion 


eye (Ial< =), 
we have os 
>? go av (Izl< 00), 
So 
eae lea arr (Izl< 00), 


3. We want to find the Maclaurin series for the function 


= 2 : 


>, dzi<1), 


as well as its condition of validity, to get 


l 2 (an 
TREE =2 - (idl < V3). 


Then, if we multiply through this last equation by : we have the desired expansion: 


f@= = Ser yan (zl < ¥3). 


ganna e 


6. Replacing z by z? in the representation 


gaat 


sinz= Yeo" n+ D! (Izl< x), 
we have 
sin(z”) = (1° (d< =), 


20 (2n+)! 
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Since the coefficient of z” in the Maclaurin series for a function f(z) is f”(0)/n!, this 


shows that 


F°"(0)=0 and f°") =0 (n=0,1,2,...). 


: 1 4 : 
The function i has a singularity at z=1. So the Taylor series about z=i is valid when 


\z—il <-/2, as indicated in the figure below. 


To find the series, we start by writing 


1 


ee eerie eee ne 
1-i 


I-z  ~i)-(z-i) 


fae ae 
1-(z-i)/(1-i) 


This suggests that we replace z by (z~i) / (1—i)in the known expansion 


aye (<1) 


ey te (iz-il< V2). 


The identity sinh(z + 7i) = —sinhz and the periodicity of sinh z, with period 27, tell us that 
sinhz = —sinh(z + zi) = —sinh(z — zi). 


So, if we replace z by z— 77 in the known representation 


oe 2a+l 


z 


“ntl! =) 


sinhz = 


80 
and then multiply through by —1, we find that 


( Wi 2n+1 ; 
sinhz = 2) Sere on DI (lz — mil< 0), 


13. Suppose that 0<Izl<4, Then 0<1z/4I<1, and we can use the known expansion 


+ Sz (zl< 1). 


n=O 


1 1 1  1SfzV_SZt_ 1 Sz" _ 1 Sz 
ea eG) lane De a he 
4 


SECTION 56 


1. We may use the expansion 


gn +1 


sinz=S(-1)’ CREE (Izl< 00) 


n=0 


to see that when 0< Izl <»%, 


bent Ve pot Se ey 1 
2 sin{ = een aD carer zt 


0 n=} 


3. Suppose that 1<Izi< oo and recall the Maclaurin series representation 


1.37 (Izl< 1). 


p SID asd, +,-15(-4) 25 CD (1 <lz<@), 
Zz 


Replacing n by n—1 in this last series and then noting that 


(“Dt SHY? = (-D™, 
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we arrive at the desired expansion: 


—=y + (1 <Izl< 00), 


4. The singularities of the function f(z) = a5 are at the points z=0 and z=1. Hence 


there are Laurent series in powers of z for the domains 0<Izi<1 and 1<Izl<o (see the 
figure below). 


To find the series when 0 <Izi< 1, recall that = = ra (Izl< 1) and write 


a=0 


1 aes Zz n=O n=0 Zz n=2 n=Q Zz 


As for the domain 1 <Izi< ©, note that [1/ zl <1 and write 


=~ 5-7 S24) --F4 = yen 


2 1-(1/z) 2 nx0 \Z n=0 = n=3& 


5. (a) The Maclaurin series for the function i is valid when Izl<1. To find it, we recall 
z — 
the Maclaurin series representation 


1 Son 
reria (lad<1) 


. 


for ets and write 
-Z 


saat =4(0+ = (-2- y¥iz" = -¥2""'- ve 


and n=O n=0 


Be -Si2" =-1-29'2" (izl< 1). 


n=0 a=] 
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(b) To find the Laurent series for the same function when 1 <I/zl< oo, we recall the 


; P 1 ‘ 
Maclaurin series for aes that was used in part (a). Since |—|<1 here, we may write 


-Z Zz 
ist 
ztl1 x ( =| 1 ( ~\¥(2) 1 1 
——=—“£ =| 14+-— |—~— =} 1+- -j|=)— 
z-1 41 z/,_i z Dy z Le » o 
Zz Zz 
“1 <1 — 1 
Le Le Le (1 <lzl< ce) 
7. The function 1O= zy has isolated singularities at z=Q and z=+i, as indicated in 


the figure below. Hence there is a Laurent series representation for the domain 0 <lzi<1 


and also one for the domain 1 <l|zl< 00, which is exterior to the circle |zl= 1. 


(izi< 1). 


f(z) ==: ET (=<? y =3- -1)"z al “+3 1)"z 2n-1 =S(- —py"z 2atl 


a=l n=O 


In this second expansion, we have used the fact that (—1)""! = (—1)""(-1)? = (-1)"". 


8. (a) 


(b) 


10. (a) 
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Let a denote a real number, where —-1<a<1. Recalling that 


1 oo 
——=) 2" Iz<1 
lz 2 (lzdl< 1) 
enables us to write 
ee le 
z-a zi l-(alz) “¢zt’ 
or 
—=5% (lal<lzl< ee), 
Z~a n=1 
Putting z =e on each side of the final result in part (a), we have 
a Rt ind 
=) a’e 
ev -a 2 
But 
a a (cos@—a)-isin@ acos9@—a’ —iasin@ 


e®—a (cos@—a)+isin@ (cos@—a)—-isinO — 1-2acos6 +a’ 


and 
Yate? = Ya" cosn@ — iy, a’ sinn@. 
n=l n=1 n=] 
Consequently, 
— acos@-a’ = asin@ 
a” cosn@ = —————-——-_ and a” sinn@ = ——_—___—_— 
py 1-2acos@+ a’ py 1-2acos@+ a’ 


when -1<a<l. 


Let z be any fixed complex number and C the unit circle w=e'* (-17<$ @ $m) in the w 


plane. The function 
f(w)= exe] 2 - *) 
2 w 


has the one singularity w =0 in the w plane. That singularity is, of course, interior to 
C, as shown in the figure below. 


(| 


w plane 


Now the function f(w) has a Laurent series representation in the domain 0 <!wl< c¢, 
According to expression (5), Sec. 55, then, 


exp|2(w- |= DW. (z)w" (0<Iwl< ex), 


2 w 


where the coefficients J,(z) are 


2 w 
+= dw (n = 0,+1,+2,...). 


J,(2)=—— 
n (2) ni Cc wt! 


Using the parametric representation w = e’* (~17< @ <2) for C, let us rewrite 
this expression for J,(z) as follows: 


1% exp| Z(e" - e*)| 1% 
” ih < ~ing 
J(z) = ai! oo ie*do = a Jexpliesin ge" dd. 


That is, 
J,(a)= = Jexst-ieng ~zsing)|do (n=0,41,42,...). 


(b) The last expression for J,(z)in part (a) can be written as 


J,(Z) = x Jcos(ng ~zsin$) —isin(n — zsin¢@)]d@ 
1 # « 
= aq J oosins —zsing)do “Fy J sintn —zsin@)do 


=52 J cos(ng ~ zsing)d9 0 (n= 0,41,42,...). 


That is, 
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J(z) = = fcos(np ~—zsin ddd (n= 0,+1,+2,...). 
0 


11. (a) The function f(z) is analytic in some annular domain centered at the origin; and the 


> 
unit circle C: z=e" (-7 S$ @ S 7) is contained in that domain, as shown below 


y 


For each point z in the annular domain, there is a Laurent series representation 


f= Sa, z +>, 


n=0 wi Z 
where 
On | Oi {S28 LOR = Oni a jae; etdp = ag ite endo (n=0,1,2,...) 
and 
Oi rails re Qn - ah pier etdo = sels (e* edo (n=1,2,...). 


Substituting these values of a, and b, into the series, we then have 


f= YJ peerage +E | reer "db — 
nxQ “4 * 


nal 2 


f@=s- a [rendo+ 3 > i [rer|(S 5) + (J |» 
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(b) Put z=e" in the final result in part (a) to get 


fe®)=— vl rernde+ j Fe ero? +e] a9, 


Vee ai oer a ee 
fle) =—— i fede+ 7) i f(e*)cosin(@ - 6)]dé. 


If u(@) = Re f(e"*), then, equating the real parts on each side of this last equation yields 


1 x oo 
u(8) == |u()dp+—Y. fu(d)eostn(9- g)1d9. 


SECTION 60 


1. Differentiating each side of the representation 


asa yi" (lzl<1), 
we find that 


a- a =-2>2" =yoe = Sinz" = S (nt Dz" (lzl< 1). 


n=0 nao AZ n=l na=0 


Another differentiation gives 2 


a eas dz ZL nthe = Lins poz = San +)" = Lon +)(nt2)2"— (Id<}). 
~ a=0 n=0 


2. Replace z by 1/(1—2z) on each side of the Maclaurin series representation (Exercise 1) 


(=F = r= tn +1)z" (zl<D, 


v 
as well as in its condition of validity. This yields the Laurent series representation 


(-1)""(n-1) shee 
a ee (z-1)" — (<lz-I< 2%). 
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3. Since the function f(z)=1/z has a singular point at z= 0, its Taylor series about z, = 2 is 
valid in the open disk |z —2I< 2, as indicated in the figure below. 


To find that series, write 


1 1 1 1 


-=— eo 


z 2+(z-2) 2 14(z-2)/2 


to see that it can be obtained by replacing z by —(z—2)/2 in the known expansion 


1 Con 
=e (lal< 1). 
Specifically, 
LL1Asf_G-27 - 
: >» 5 | (iz-21< 2), 
or 
== Ne ~2)" (Iz—2I< 2). 
n=Q 


Differentiating this series term by term, we have 


-3-y av n(z—- 2) = ys rr] CDE Asien 2)" (lz — 2I< 2). 
z az] n=0 2 
Thus 
1 oo 
gece n+0(254 2y (z-21<2), 


4. Consider the function defined by the equations 


e*-1 


f=4 z 


1 when z = 0. 


when z #0, 
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When z+#0, f(z) has the power series representation 


1 Zag a han See 
poyntl(rsbe Ee Ze.)-a] date 


Since this representation clearly holds when z= 0 too, it is actually valid for all z. Hence f 
is entire. 


Let C be a contour lying in the open disk |w— I< 1 in the w plane that extends from the 
point w =1 toa point w =z, as shown in the figure below. 


_ 
w plane 


According to Theorem 1 in Sec. 59, we can integrate the Taylor series representation 


+= S(-1)"-1)" (w-1l<1) 


n=0 


term by term along the contour C. Thus 


# =f Yeyw-dw= yf wy". 
n=Q n=0 


But 
aw a = [Log w]?= Logz — Log] = Logz 
cw iyuww 
and 
Zz —11yrt! 7? pyri 
J,o— "= fow- raw =| PD" | _ 2a" 
c 4 n+l |, n+l 
Hence 
Logz= $y = pO ye)" (z-1< I) 
n=o n=l . 


and, since (—1)"" = (-1)""'"(-1)’ = (-1)", this result becomes 


i 
Logz= _— (z-1)" (Iz-1l< )). 


n=l 
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SECTION 61 
z 
1. The singularities of the function f(z)= cera are at z=0,+i. The problem here is to 
Zz 


find the Laurent series for f that is valid in the punctured disk 0 <izl<1, shown below. 


We begin by recalling the Maclaurin series representations 


2 3 
cn (oi ae os 
eae or ar see! 
and 
SC Pee ae (lzl< 1), 
1-z 
which enable us to write 
12,1; 
ealtzt—z?+—234... Jal< e 
mete ( ) 
and 
=l—774,'- Bo ss Izl< 1). 
Pay Zo+z -z (Izi< 1) 


Multiplying these last two series term by term, we have the Maclaurin series representation 


1, 1 
=1l+z+—2? +=27 4... 
Pat Oo ge? 


1 5 
=1]4+ es Been, 
Zz 2 6" 


which is valid when Izl< 1. The desired Laurent series is then obtained by multiplying each 


side of the above representation by J 
Zz 


EES ee ee (O<Izi<1). 
z 6 


We know the Laurent series representation 


Dc oe (O<Iz< 2) 


from Example 2, Sec. 61. Expression (3), Sec. 55, for the coefficients b, in a Laurent series 


: Din ae has : 
tells us that the coefficient b, of — in this series can be written 
r4 


1 dz 


' 2ni ?¢ 2? sinhz’ 


where C is the circle |zl=1, taken counterclockwise. Since b, =— 2, then, 
dz ( 1 } ni 
a, =27i| -—-|=-—. 
Cz’ sinhz 6 3 
The problem here is to use mathematical induction to verify the differentiation formula 


[f@)gz)] = Si) yer lz) (n=1,2,...). 


k=0 
The formula is clearly true when n=1 since in that case it becomes 


[f(z)g(2Y = f(z)g’(z) + f’(z)g(2). 


We now assume that the formula is true when n =m and show how, as a consequence, it is 
true when n =m+1. We start by writing 


Lge"? = LF) g(VY =Lf @e’(z) + fal” 
=[f(z)e’ (2 +f’ (Zaz 
“3 Ve (zg (z) + > (rs (k+1) (zg? (z) 


0 


-3(? \r 64) sia C3 De if ®(z)gr**P(z) 


k=0 


= f(g P(2) + $(7) 3 i i) NG)” ay fer (ala): 
k=l 
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But 


A 
k k-1) k\mn-k)! (k-I(m-k+)! kiim+i—k)! ke 
and so 


mn 1 
Lf(zde(zi"? = f(zg"*? (z) + 3" i JPrasre + f°" (z)g(z), 
k=t 


m+ 1 
Lf@eay"? = ig \Pasre. 
k=0 


The desired verification is now complete. 


We are given that f(z) is an entire function represented by a series of the form 
f(z) =z+a,z" +a,2°+-- (Id< ©). 
(a) Write g(z)= f[f(z)] and observe that 


FL) = 80) +204 £02 +O ae. idee 


It is straightforward to show that 
8'(2) = FTF), 


8° (2) =f TAOS YP + FIF@IF"@, 


and 


8° @= fF OUS OY +2f OS’ OF UI+ FU OU OF") + FIFO” @.- 


Thus 


g(0)=0, g’(0)=1, g”(0)=4a,, and g”(0)=12(a; +4,), 


and so 
FU) = z+ 20,2" + 2(az +.a,)z?+-- (Izi< 0), 
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(b) Proceeding formally, we have 


FUP Q)N= fi) +al FOP + alfer+ 

= (z+ az? +a,2°+-)+a,(Z+ 4,27 +a,2 +) +a,(zt az tagteyt 

= (z+a,2" +442? +++) + (4,27 + 2abz? +++) + (az?) 

=z+2a,z7 +2(a? +a,)2°+. 

(c) Since 
sing=2—Z tmz 02? +(- ae (Izl< 0) 
3! 6 : 
the result in part (a), with a, =0 and a, = -=, tells us that 


sin(sin z) = z— hae (lzl< 02), 


We need to find the first four nonzero coefficients in the Maclaurin series representation 


1 -E ba 
=) —22" izdkh<— |]. 
coshz Late (1 4 


This representation is valid in the stated disk since the zeros of coshz are the numbers 


z= (Z+nn i (n= 0,+1,£2,...), the ones nearest to the origin being z= 2TH The series 


contains only even powers of z since coshz is an even function; that is, £,,,,=0 
(n= 0,1,2,...). To find the series, we divide the series 


4 


2 6 

ZZ 2 1,,1., 1 6 
coshz = 1+—+—-+—+---=14+—7° +—z +—z + Izl< 00 
weir al 6! 2° * 94% * 720% es 

into 1. The result is 

1 1, 5,4 61 1 
= faa e? poe (! <2) 
coshg. 2° 24° 720° ae 


or 


Since 


this tells us that 


u =] 1 243 4_ 61, 


coshz 2! Al the aie 


Agee Ey +45 
coshz 2! 4! 6! 


ER=L E,=-1, E,=5, and E, 


22? +—t7z* 48754... 


-61 
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(<8) 
fu 
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Chapter 6 
SECTION 64 
1. (a) Letus write 
1 1 41 1 2 3 1 2 
Soe —(l-z4¢ 7-7 + JS lt 7-2 te 0<IzI< 1). 
oo es ae ae ee ome 


(b) 


(c) 


(d) 


The residue at z = 0, which is the coefficient of iS is clearly 1. 
Zz 


We may use the expansion 


re (ae Sec oe (lzl< 00) 


(0 <Izl< 00), 
The residue at z =0, or coefficient of z is now seen to be -5. 
Zz 
Observe that 
z-sinz 1 . 1 ge 2 zt 
——— =-(z-$§ =—-})7-| z-—+——..- | /=~——-—+-- 0 <Izl< co), 
ere re aE (« 31 5! 31S! : 


Since the coefficient of — in this Laurent series is 0, the residue at z = 0 is 0. 
Zz 


Write 
cotz_ 1 cosz 
z*ez* sinz 
and recall that 
2 4 2 4 
ZZ Zz 2 
cosz =|]—-— + ——--: = 1-— + —-: (Izl< 0) 
2! 4! 2 24 
and 
3 5 3 5 
Siege ee aie epe eg ene. (Izl< 0°), 


(e) 
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Dividing the series for sin z into the one for cosz, we find that 


prhatilal pretense ae des (0 <izl< z). 
Thus 


ite ee es Pet ce Si (0 <lzl< x). 


Note that the condition of validity for this series is due to the fact that sinz =0 when 


z=nn (n=0,+1,22,...). It is now evident that a has residue — = at z=0. 
Zz 


Recall that 
OE cats 
sug a het (Izl< 0) 
and 
I 2 
——=l]+z4+2°4.--- (lzl< 00), 
1-z 


There is a Laurent series for the function 


that is valid for O<Izl<1. To find it, we first multiply the Maclaurin series for sinhz 
1 


l-z 


and a 


(sinhz)(— Je(erde eee iitet tet) 


1-2? 


1 
=z+—7? +— 25 + 
6 120 
3 1 5 
Z tsz + 
6 
Fae oe 


arta te. (0 <Izl< 1). 
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We then see that 


1 71 
=Ztote. (0 <Izi< 1). 
6 z 


This shows that the residue of ae at z=0 is in 
z‘(1-z’) 6 
2. Ineach part, C denotes the positively oriented circle Izl= 3. 


(a) To evaluate [ee we need the residue of the integrand at z=0. From 


the Laurent series 


exp(—z)_ 1 ae ae oc 1 11 #1 +2 
Se] 1 - te Ht ee + ——— 4... 0 <I zIl< 0), 
2 Al I! 2! 3! z Uz 2! 3! Ose") 


we see that the required residue is —1. Thus 


[ OS ae = 2mi(-1) = 201. 
cr 2Z 


(c) Likewise, to evaluate the integral [. z exo( +), we must find the residue of the 
Zz 
integrand at z=0. The Laurent series 


1 ae ee ae ee a 
7 ex (=)- (eo tes te att 
ee ag Oe Ole a 


=2? zi] ae 
i 21° 3 
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+1 
(da) As for the integral la & we need the two residues of 


zt+1 —oztl 
z=2z 2z-2)’ 


one at z=0 and one at z=2. The residue at z = 0 can be found by writing 


45 -(H(46)-Gr. 
2(z—2) z A\z-2 2 z/ 1-—(z/2) 


which is valid when 0<lIzi<2, and observing that the coefficient of ’ in this last 
z 


product is -5. To obtain the residue at z = 2, we write 


ee Shien 

z(z—2) z-2 2+(z-2) 2 z-2/) 1+(z-2)/2 
wif(y, 3 y_2=2, =" 
ite 5 + 2 | 


which is valid when 0 <iz —2I< 2, and note that the coefficient of a) in this product 
Zz - 


is >. Finally, then, by the residue theorem, 


ztl 
Cz? —2z 


1 3 
— 2 3] —— tof i. 
dz nif 9 + >) 2m 


In each part of this problem, C is the positively oriented circle |zl= 2. 


2 
(a) If f= then 


when 0 <izi<1. This tells us that 


[_f@)de=27iRes cs (=) =2mi(-1) =-27i. 
z0 2 Zz 
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1 
(b) When f(z)= rape, we have 


1 fi 1 1 
Fre tat rer te ie yore 


Thus 


[fede =27iRes =7(4) = 27i(0) = 0. 
720 Z z 
(c) If f(2= it follows that — f| aie }-4 = Evidently, then, 


|.f@dz=2niRes Es (2) = 2ni(1) = 271. 
120 Z Zz 


4. Let C denote the circle Izi=1, taken counterclockwise. 


hed n 
(a) The Maclaurin series e* = >= ([zl< ee) enables us to write 
n= n. 


1) = zz wee xl e 1] 
fexo(2+=}de =|Qe evdz= J.e ai dz = ps 2 z"exp : dz. 
(b) Referring to the Maclaurin series for e* once again, let us write 
n 1 n . i - 1 a-k 
exp| — |= =0,1,2,...). 
i (5) i 20 kL oz ara & ) 


Now the Z in this series occurs when n—k=-1, or K=n+1. So, by the residue 
z 


theorem, 


1 — 
Jz exo( + Je = 2m a (n=0,1,2,...). 


The final result in part (a) thus reduces to 


~ 1 
fexe(z+2 1 de = 21 DAD! 


n=Q ihe 


99 
We are given two polynomials 


P(2) =) +2 + 4,2" +--+4,2" (a, #0) 
and 
O(z) = by + Bzt+b,z? +++ +b, 2” (b,, #0), 


where m2n+2. 
Itis straightforward to show that 


1 Plz) _ % az”? +a,2"" agg te baz a 
2 O02) by hb +b, z#0). 


Observe that the numerator here is, in fact, a polynomial since m—n—220. Also, since 
b,, #0, the quotient of these polynomials is represented by a series of the form 


d,+d,z+d,z’ +---. That is, 


P(/z) 


Ou Detar ae + (0 <Izl< R,); 


1 
Z. 


1 Pi/z) 
Z Q(1/z) 

Suppose now that all of the zeros of Q(z) lie inside a simple closed contour C, and 
assume that C is positively oriented. Since P(z)/ Q(z) is analytic everywhere in the finite 
plane except at the zeros of Q(z), it follows from the theorem in Sec. 64 and the residue just 
obtained that 


and we see that — has residue 0 z = 0. 


P(z) 1 P(/z) 
2ni O= 
kines 5 de = Res| FTF nue. 2mi-0=0. 


If C is negatively oriented, this result is still true since then 


j 72 PR), =-{ @ PO, 
Cc 


Ole) CQ(z ‘a 
SECTION 65 
(a) From the expansion 
: oor 2 : 
é ta ag ape (Izl< ce), 


we see that 


cen t)aetlet tad ttn. (0 <Izl< ce), 
Zz 1% 
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(b) 


(c) 


(d) 


(e) 


The principal part of zeno( =) at the isolated singular point z =0 is, then, 
Zz 
1i 11 
—-+— at 
2 Zz Bt 
and z=0 is an essential singular point of that function. 


2 
The isolated singular point of is at z=—l. Since the principal part at z=—1 


involves powers of z +1, we begin by observing that 
Z=(zt+1)? -2z-1=(z+1)? -2ztI+h 
This enables us to write 


2 2 
Zz (z+1)° —-2(z+D+1 1 
Ss eS EE ee +] -24+—. 
1+z zt+l1 Ey) zt+l1 


Bats wo A P : : 
Since the principal part is eel, the point z =—1 is a (simple) pole. 
Zz 
The point z= 0 is the isolated singular point of one. and we can write 
z 


wee Seis (0 <Izl< 0%). 


The principal part here is evidently 0, and so z=0 is a removable singular point of the 


function =<. 
Z 
The isolated singular point of is z=0. Since 
cosz_1f, 2’. z* We care 
=—|]-—+4——-..- |=--=+4+—---. 0 <Izi< 0), 
er Cae aa a a ( ) 


the principal part is ® This means that z = 0 is a (simple) pole of eke 
z 


Upon writing ——; =-———, we find that the principal part of oa at its 
Zz 


(2- P ce 5 (2- 
isolated singular point z= 2 is simply the function itself. That point is evidently a pole 
(of order 3). 


2. 


(a) The singular point is z=0Q. Since 


2!z 4! 


when 0 <Izl< oo, we have m=1 and B =-=-3. 


(b) Here the singular point is also z=0. Since 


7 D2; 33 44 55 

1 mee 1- 142422 dee it 2 
z z 1! 2! 3! 4! 5! 

22.1 21 F124? 


We 22 az 4! 5! 
when 0 <Izl< 00, we have m=3 and B=-—=-5. 


ex xp(2z) 
(z-1) 


(c) The singular point of —~-—> is z=1. The Taylor series 


22-1) | 27(z-1)° 2@-0! +] 


= prlt-I),2 — 22 
exp(2z) =e"*""e" =e E mT aT 7 


enables us to write the Laurent series 


exp(2z)_ of 1 .2 1 2? 2 
(2-1) ata Fees 4th FT heal | 


Thus m= 2 and BaP a= 26! 


Since fis analytic at z), it has a Taylor series representation 


f Loh, f' LG) 


f(2) = fl) + (2 -%) +E (z- a) i 


Let g be defined by means of the equation 


SF (2) (Z) 


z-Z% 


g(z)= 


= 2 4 46 
sears a aera eateries pete me 


6! 
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(lzl< ry) 
(0 <Iz — ll< 02), 
(iz-—zl< RK). 
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(a) Suppose that f(z,) #0. Then 


F’@) f rae 


1 
=| fe + Ca TC eee oe | 


= fl) , fG),f oe 


ee rT a (z-2,) ++ (0<iz-z,1< R,). 


This shows that g has a simple pole at z,, with residue f(z,). 
(b) Suppose, on the other hand, that f (2 )=0. Then 
1 | f’@) 2 f’(%) 2 
g(z)= re [Ame ZH) +S (Z— 2) +e 


_£@) , fe) 


T 5 (g-m) +. (0 <Iz—z,|< R,). 


Since the principal part of g at z, is just 0, the point z=0 is a removable singular 
point of g. 


4. Write the function 


3,2 
f= aren (a>0) 
as 
= aie _ 8a’? 
f= i (z-ai) where $(z) ie (z+ ai)’ * 


Since the only singularity of $(z) is at z= —ai, $(z) has a Taylor series representation 
(2) = 6(ai) + OO — ai) + OO ea? + (Iz~ail< 2a) 


about z= ai. Thus 


f= | o¢ai)+ 2D eee ai) + +O ai) ++ ] (0 <Iz—ail< 2a). 


(z-ai)° 


Now straightforward differentiation reveals that 


ae 32 3752 a) 
g(paiseZ oa aad Pale oie (z° —4aiz—a*) 


(z+ ai) (z+ai)° 
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Consequently, 


9(ai) = ~a°i, e'(ai)=—5, and @"(ai) =-i, 


This enables us to write 


ee ee eee 2 : 
f)=— | ai 5 ( ai) 5 ai) +-| (0 <lz—ail<2a). 
The principal part of fat the point z = ai is, then, 


i/2 a/2 ai 


z-ai (¢—-ai)’ (z—ai)’: 


SECTION 67 
1. (a) The function f(z)= 


742 : 
7 i has an isolated singular point at z = 1. Writing f(z) = oe, 
= = 
where $(z) =z’ +2, and observing that @(z) is analytic and nonzero at z=1, we see 


that z=1 isa pole of order m=1 and that the residue there is B = @(1) = 3. 


(b) If we write 
-( z ie b(2) ; Be 
f(@= mal Peel where g@)=as, 
2 


1. : : : : ; 
we see that z= 3 is a singular point of f. Since $(z) is analytic and nonzero at that 


point, fhas a pole of order m =3 there. The residue is 


pat cl/2)_ 3 


2! 16 
(c) The function 
expz _ expz 


24K (2z—ni\(z+ Ti) 


has poles of order m= 1 at the two points z=+7i. The residue at z= 77 is 


and the one at z =—77 is 
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1/4 
Zz 


ztl 


2. (a) Write the function f(z)= (Izl> 0,0 <argz<27) as 


diggs | 
ro= 22, where (2) =z! =e4"** (el> 0,0 <argz<2n). | 


The function $(z) is analytic throughout its domain of definition, indicated in the 
figure below. 


Also, 


1 7 
FEC jatsin Sse n m 1+ti 


o(-) =(-1)"" =e é er fede ae a 


This shows that the function fhas a pole of order m=1 at z=-1, the residue there 


being 
eet Ry 
B= ¢(-)= Va 
; : 2 Logz 
(b) Write the function f(z) +p as 
- O(z _ Logz 
f® ci where @(z)= GaP 


From this, it is clear that f(z) has a pole of order m=2 at z=i. Straightforward 
differentiation then reveals that 


Logz ry HDI 
Ss = = ; 
si (@ +I) ae 
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(c) Write the function 
1/2 


fo-aay (izi> 0,0 <argz<2z) 
as 
$(z) ae 
zj=——; +=~where = : 
A Gey ORG ay 
Since 
‘ (z+iz? = 4z'? 
v4 oes 
oe 2(z+i) 
and 
U2 ins _ 1 ai 2 _ pints _ 1 u 
Dg SE a 


=e 
Re. SHap +p =9'(i)= ee 
(a) We wish to evaluate the integral 


323 +2 
LF (z—1)(z? +9) 


where C is the circle |z —2| = 2, taken in the counterclockwise direction. That circle and 
the singularities z = 1, +3i of the integrand are shown in the figure just below. 


Observe that the point z =1, which is the only singularity inside C, is a simple pole of 
the integrand and that 


Reet is ae eZ +2 chy 
I (z—1)(22+9)  z 249° os 


According to the residue theorem, then, 


3z°+2 ae 2 eee 
aay 8-2" (5)2* 
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(b) Let us redo part (a)when C is changed to be the positively oriented circle |zl = 4, shown 
in the figure below. 


In this case, all three singularities z=1,+3i of the integrand are interior to C. We 
already know from part (a) that 


3z° +2 1 
SO ES 
zl (z—1)(z?+9) 2 


It is, moreover, straightforward to show that 


- 32342 373 +2 | _15+49i 
3 (2-127 +9) (2-DZ+3i) J, 12 
and 
es ; = ——___—__ = a 
z=-3i (z-)D(z +9) (z-1)(z 33) qa-3i 12 


The residue theorem now tells us that 


3 ° . 
{ 3z +2 wes (3 Se 


arena near mil —+ 
(c—Ize +9) ~ 2° 12 12 


4. (a) Let C denote the positively oriented circle |zi=2, and note that the integrand of the 


has singularities at z=0 and z=—4. (See the figure below.) 


: dz 
fore J. z(z+4) 
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To find the residue of the integrand at z = 0, we recall the expansion 


1 oo 
emp (d<1) 
a=0 
and write 
eo Se (-1" 
sae el nel ral <) - “ee (0 <Izl< 4). 


7 1 
Now the coefficient of — here occurs when n = 2, and we see that 
Zz 


Res 
=O 2(2+4) 64" 


| dz (=) mi 
een) em eee 
Cz"(z+4) 64/ 32 


(b) Letus replace the path C in part (a) by the positively oriented circle Iz + 2! = 3, centered 
at —2 and with radius 3. It is shown below. 


Consequently, 


We already know from part (a) that 
Res le = a 
20 z°(z+4) 64 
To find the residue at —4, we write 


1 $(z) 


z2(z+4) z—(—4)’ 


where $(z)= i 
Zz 


This tells us that z=—4 is a simple pole of the integrand and that the residue there is 
o(-4) =-1/64. Consequently, 


dz fl 1 
=2ni| —-—|=0. 
Sererwy (= =) 
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: cosh az d: : : : : 
5. Let us evaluate the integral Naa: where C is the positively oriented circle Izl=2. 


All three isolated singularities z=0,ti of the integrand are interior to C. The desired 
residues are 


coshaz _ coshzz 
AES 7 Sy = 1, 
20 2(z-+1) 0 zo +l Jo 


ae coshaz _coshzz| _1 
ei z(z?tl) 2(zti)}., 2’ 


and 


1 cosh zz _ cosh zz ai 
wei 2(z* + 1) 2(z - i) wari : 


Consequently, 


f stsh ee = dni 1+5+5)= 4 
c 2(z° +1) 22 


6. Ineach part of this problem, C denotes the positively oriented circle Izi= 3. 


(a) Itis straightforward to show that 


(3z+2) ‘ea = i L } _ +22)? 
Zz 


tI z(z—1)(2z+5)’ z) 2t—z\(2+5z) 


This function = f (2) has a simple pole at z= 0, and 
z XZ 


_Gz+2% cag [2 (4)]- (2)- 
l.ge—naet am Res a i =2ni 5 Oni. 


(b) Likewise, 
. ~ 2(1—3z) BY (=) z-3 
it f= pasaey PAG) eae sD 


The function = Ff () has a simple pole at z =0, and we find here that 
Z Zz 


Or A ats E ()]- (-2)-- 
J. eee) ee zi ; =2ni an 371. 
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(c) Finally, 
3 Wlz 
: ze 1 1 e* 
if f(z = as then —f|—- =, 
f@) l+z° z(:) 2(1+z°) 


The point z= 0 is a pole of order 2 of aa #2). The residue is $’(0), where 
z\z 


e 
o(z) = ie 


Since 
3y 2 z4,2 
z )e* —e*3z 


ry At 
oe ey 


? 


the value of $’(0) is 1. So 


3 lz 
ze Cio ee a eee eee 
e jae =27i Res| = 4(2)] = 2mi(1) =22i. 


SECTION 69 
1. (a) Write 
1 _ p(z) : 
=— =, h =] = . 
CZ ane a) where p(z)=1 and g(z) =sinz 
Since 


p(0)=1#0, g(0)=sin0=0, and g’(0)=cos0=1#0, 


z=0 must be a simple pole of cscz, with residue 


pO) _1_, 
q(0) 1 
(b) From Exercise 2, Sec. 61, we know that 
ee See a 
wcrstites tot: +e. (0 <Izl< 2). 


Since the coefficient of ss here is 1, it follows that z=0 is a simple pole of cscz, the 


residue being 1. 
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2. (a) Write 


z-sinhz = P(z) 


, where =z-—sinh =z’ sinhz. 
Pane 4) p(z)=z—sinhz and q(z) =z’ sinhz 


Since 
p(zi)=ni#0, g(mi)=0, and q'(mi)=27 £0, 
it follows that 
z-sinhz  p(mi) xi i 
OS tag pA oe 
zai z°sinhz q'(mi) nm” 
(b) Write 


exp(zt) _ p(z) 


2 h = d a . h ; 
sinhz —q(z) where p(z)=exp(zt) and gq(z) =sinhz 


It is easy to see that 


Res exp(zt) _ pie) = —exp(izt) and Res exp(zt) = vem. = —exp(—i7t). 
Z=Ri sinh z qd (ni) tei sinhz q (-7i) 
Evidently, then, 
Res PEA 4 Reg EXP) __» explint)+exp(-imt) 4 
zai sinhz ai sinhz 
3. (a) Write 
f= Piz) where p(z)=z and q(z)=cosz. 
q(z) 
Observe that 
u 
(3 +nr) =0 (n = 0,41,42....). 


Also, for the stated values of n, 


u u t _ (1 n+l 
of 5 na) 5 n and q ( 5 nz] sn( 5 +nn] (-) 


(b) 


11] 


So the function f(z) = —~ has poles of order m =1 at each of the points 


COSZ 


au 
Z,= 5 One 


The corresponding residues are 


Write 


tanh z = PQ) where p(z)=sinhz and g(z) =coshz. 


q(z) 


Both p and q are entire, and the zeros of q are (Sec. 34) 


z= (Z+nn i 
2 


In addition to the fact that (4 +nn)i] =0, we see that 


2 


and 


{(% -) —einnl 2; -) a—ty 
o((3 +na)i] sinh( Zina] i(-1)” #0. 


A(z + nz i] = sint( 3 + nai = icosnm = i(-1)" #0 


(n = 0,+1,+2,...). 


(n = 0,41,42,...) 


So the points z = (Z+nn) (n = 0,41,+2,...) are poles of order m=1 of tanh z, the 


residue in each case being 


112 


4. Let C be the positively oriented circle Izl= 2, shown just below. 


(a) To evaluate the integral f_tanz dz, we write the integrand as 


(b) 


tanz= pay where p(z)=sinz and q(z)=cosz, 
q(z) 
and recall that the zeros of cosz are z= S+nn (n = 0,+1,+2,...). Only two of those 
zeros, namely z=t2/2, are interior to C, and they are the isolated singularities of 
tanz interior to C. Observe that 


PH) A = P(-a/2) __ 
seh may BR apa) 


Hence 
[tanzde =2ni(-1-1) =—-47i. 


The problem here is to evaluate the integral a To do this, we write the 


sinh 2z 
integrand as 


1 _ ~ P@) where P(z)=1 and q(z) = sinh 2z. 


sinh2z q(z)’ 


Now sinh2z =0 when 2z=nzi (n = 0,£1,+42,...), or when 


zat (n = 0,41,42,...). 


Three of these zeros of sinh2z, namely 0 and + *, are inside C and are the isolated 


singularities of the integrand that need to be considered here. It is straightforward to 
show that 


1 PM. 1 
z0 sinh2z q(0) 2coshO 


. 
9° 


113 


PR eee 4.) Ce nee Saree 6 
z=mf2sinh2z q’(mi/2) 2cosh(mi) 2cosx 2’ 
and 
Se ey 2) es a ee | 
z-ni2sinh2z q’(—mi/2) 2cosh(-mi) 2cos(-z) 2 
Thus 


j dz =2ni( 5-3-2) = -m 
¢ sinh2z 2 2 2 ? 


Within C,, the function — 
z sinz 


has isolated singularities at 


z=0 and z=itnz (n=1,2,...,N). 


To find the residue at z = 0, we recall the Laurent series for cscz that was found in Exercise 
2, Sec. 61, and write 


Jeers ees es Pan 
zsinz 2 ziz 3! lap sil 


Fears] a (0 <Izl< 2). 
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This tells us that has a pole of order 3 at z=0 and that 


2’ sinz 


As for the points z=-tnz (n=1,2,...,N), write 


1 
me ey 2) where p(z)=1 and q(z) =’ sinz. 
z sinz (z) 


Since 


p(tnn)=1#40, g(tnz)=0, and q’(tnm)=n’n* cosna =(-1)"n'n’ #0, 


it follows that 


Res =—__ oa 
zstaz z’sinz (-l)"n'a” (-l)” n'a 


So, by the residue theorem, 


f . de= ani 2425 GU] 


z’sinz 


Rewriting this equation in the form 


SUM a ay de 
n? 12 4i4¢y z*sinz 


and recalling from Exercise 7, Sec. 41, that the value of the integral here tends to zero as N 
tends to infinity, we arrive at the desired summation formula: 


o (~1)"" _ a 
no 12° 


a=] 


6. The path C here is the positively oriented boundary of the rectangle with vertices at the 
points +2 and +2+1i. The problem is to evaluate the integral 


{ dz 
C(z? ~1) +3) 
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The isolated singularities of the integrand are the zeros of the polynomial 


q(z) =(z* —1) +3. 


Setting this polynomial equal to zero and solving for z’, we find that any zero z of q(z) has 
the property 2’ = 1++/3i. It is straightforward to find the two square roots of 1+-V3i and 
also the two square roots of 1--/3i. These are the four zeros of g(z). Only two of those 
zeros, 


i V3 +i _ ~t: ~V3 +i 
satel A and 2, = 


lie inside C. They are shown in the figure below. 


To find the residues at z, and —Z,, we write the integrand of the integral to be evaluated as 


ao = oa where p(z)=1 and q(z)=(z’ —-1) +3. 


This polynomial q(z) is, of course, the same q(z) as above; hence g(z,)=0. Note, too, that 
p and q are analytic at z, and that p(z,)#0. Finally, it is straightforward to show that 


q'(z) = 4z(z? —1) and hence that 
q' (&) = 4z4(z2 - 1) =-2V6 + 6V2i # 0. 
We may conclude, then, that z, is a simple pole of the integrand, with residue 


P(Z) _ 1 
q'(Z%) —2V6 +6v2i- 


Similar results are to be found at the singular point —Z,. To be specific, it is easy to see that 


q'(-%)=—9'(&) =-9'(%) = 2V6 + 6V2i #0, 
the residue of the integrand at —Z, being 


p(-Z,) 1 


q'(-%) 26+ 6v2i' 
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Finally, by the residue theorem, 


j _ = oni pte Sete ae 
c@ 43 -2V6 +6V2i 2V6+6V2i) 22" 


7. We are given that f(z)=1/[q(z)]’, where q is analytic at 2, G(Z)=0, and q’(z,) #0. 
These conditions on g tell us that g has a zero of order m=1 at Z-. Hence 
q(Z) = (Z— 2 )g(z), where g is a function that is analytic and nonzero at z,; and this enables 


us to write 
—__9(2) __! 
f(z)= Gan where (z) lecor 
So fhas a pole of order 2 at z,, and 
, 28" (%) 
R = J=-—*. 
Res f(@)= (zo) = — es 


But, since q(z) = (z—z,)g(z), we know that 


Q(z) = (2-2 )8"(z) + a(z) and g”(z)=(z—-%)g”(z) + 2g"(z). 


Then, by setting z= 2, in these last two equations, we find that 
TZ) =8(%) and g”(z) =2g"(z,). 


Consequently, our expression for the residue of f at z, can be put in the desired form: 


ny on fi, 


8. (a) To find the residue of the function csc” z at z= 0, we write 


c7z where q(z) =sinz. 


Si 
[a2] 


Since q is entire, g(0)=0, and q’(0) =1 #0, the result in Exercise 7 tells us that 


7’) _¢ 


Res csc? z = ~-4+. = 0, 
z=0 [g’(0)}° 
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(b) The residue of the function 


pz at z=0 can be obtained by writing 
z+z’) 


1 


= eos where g(z)=z+2z" 
(c+2) [a@F’ . 


Inasmuch asq is entire, g(0)=0, and q’(0) = 1 #0, we know from Exercise 7 that 


g’) 
R ae =-2 
(+2) [OP 
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Chapter 7 


SECTION 72 


, we integrate the function f(z) =— ~ around the simple 
Zz 


+1 
closed contour shown below, where R> 1. 


1. To evaluate the integral i 
x 
0 


We see that 
R 
[+] -ons, 
Syke P ll Gg el. 
where 
B=Res —— : =Res —— =] ea 
wig? +] ei (z-i(zt+i) ztil.; 2i 
Thus 
[fire igt 
ie +1 Cag? +) 


Now if zis a point on C,, 


Iz? +12 Mzi?-1l= R? ~1; 


and so 


{25 ai <a =k ~T 70 as Ro, 


Finally, then 
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. : 1 
can be evaluated using the function =————— and the sam 
+19 8 F() (z? + 1)? c 
simple ciseed: nee as in Exercise 1. Here 


The integral Rexsrs 


R 
ax dz . 
— + —— 
re: +1) Ia, (2? +1) 27iB, 
where B= Res es Since 
i (27 +1) 
1 (Zz) 
— ‘ hi =——, 
Gay Ge-  POr Ce 
we readily find that B= 9’(i) = z , and so 
i 
— =Z_¢ _& ) 
AG? +1? 2 fee (2? +1)?" 


If zis a point on C,, we know from Exercise 1 that 


Iz +112 R?-1; 
thus 


R Rp? 
=e 0 as Rm. 


aaa os 


Lal 


The desired result is, then, 


i dx 


, dk 1 
J (x? +1) J 


= eee 
2 s(x +1) 4 


We begin the evaluation of [ai res finding the zeros of the polynomial z‘ +1, which are 


the fourth roots of —1, ana: ae that two of them are below the real axis. In fact, if we 
consider the simple closed contour shown below, where R>1, that contour encloses only 
the two roots 


and 
i3%/4 inl4 iw/2 


= gitnl4 ee a ee 
=e =e 'é ( 5+ 3y) Vea" 
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Now 
R 
dx 
=27i(B, + B,), 
ipcowes ema ez tl ma ) 
where 
ae Bee +1 sata a eo +1 


The method of Theorem 2 in Sec. 69 tells us that z, and z, are simple poles of nie 
z 


that 


since z‘ =—land zj =-1. Furthermore, 


reachable 


Hence 
i dx =e dz 
Atl V2 teez*e1 
Since 
dz aR 
< oo 
fa oS ez 70 8 RO , 
we have 


and 


—_— a= 
LG +n + 4) 


4. We wish to evaluate the integral J 


shown below, where R> 2. 
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We use the simple closed contour 


We must find the residues of the function f(2)=———~ at its simple poles 


(2? +1)(z’ +4) 
z=i and z=2i. They are 


2 
1 
Res yes ee ee ea —=——— 
B, = Res f(z)= airs.” a 
and 
Res f()= eee een ee 
= (2? +1)(z+2i) J, 38 
Thus 
Fi x’ dx 2 dz 
Janata Lean a 28 + 
or 


f x’ dx a z’ dz 
J Ax? +1)? +4) 3 fee (2? +1)(2? +4)” 


If z is a point on C,, then 


Iz7+1i2ziz?-l=R?-1 and Iz?+4/2ilz?—41=R? -4. 


Consequently, 


and we may conclude that 


t 


eee eee 
Frenere yan Feesrexeears 


4 
z’ dz aR R 
Laake ~1(R’ 4) ‘(et ae 
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, x’ dx 
5. The integral | ————-z—z can be evaluated with the aid of the function 
J (x? +9)(x? +4)’ 
Zz 
f= 


(27 +9\(z? +4) 


and the simple closed contour shown below, where R > 3. 


We start by writing 
R 2 4 
x dx z az . 
<5 ay ——_—, =2 ; 
he +9)(x? +4)? if (2? +9)(z? + 4) mei(B, + B,). 
where 
R 7 en eee 
FES oy a = Res ; 
A 31 (z? +9)(z? +4)’ 2 "eli (27 +.9)(z? +4) 
Now 


2 
B, = ga = _3. 
(z+3i(z? +4) | 4,  S0i 
To find B,, we write 
2 


Zz 
(27 +9)(z+2i) 


z z 
CET Gea MP = 
Then 
B, = $'(2i) = 500r 
This tells us that 
ae eae peer es 
Ax? +9)(x? +4)? 100 4x (27 + 9)(27 +4)" 


Finally, since 
2 3 
z° dz mR 
Serer e rer <a a? as R09, 
we find that 
(ee o [aS ane 
J (x? +9)(x7 +4)? TH 4 (x? coe +4) 200° 
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7. Inorder to show that 


Vv — a -% 
2 (x? 41x? 42x42) 5” 


we introduce the function 


‘4 


ie) (2? +1)(2’ +2z+2) 


and the simple closed contour shown below. 


Observe that the singularities of f(z) are at i, z,=-1l+i and their conjugates —i, 
Z, =—1—i in the lower half plane. Also, if R>-~/2, we see that 


R 
J Fedde J fede =27i(B, + B,), 
-R - 


where 
B.=R ee Seer esis 3 
ial aaee|,, 10 10 
and 
= Res f(2)= ——¢ wets 
Ber aa? ‘aol. 10.5" 
Evidently, then, 
(ee SE ce 
J (07 +1)(x? +2x42) 5 #Ce(z* +1)(z? +2z7+2)° 
Since 
Caz? +1)(z? +2z+2)| [2x (27 +1 z—zNz—-Z)| (R?-1I(R-V2Y 


as R—> oe, this means that 
i m | xdx is IE 
ioe OX + 1x? +2x4+2) S- 
This is the desired result. 
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8. The problem here is to establish the integration formula j= Zu using the simple 
Ae ee 3¥3 


closed contour shown below, where R> 1. 


There is only one singularity of the function f(z) = = namely z, = e'”?, that is interior 
z 


to the closed contour when R>1. According to the residue theorem, 


(= vce = = 2niRes——, 
atl %xz7 rr G 2° a zm Z +1 


where the legs of the closed contour are as indicated in the figure. Since C, has parametric 
representation z=r (0<r< R), 


ae ee 
q 2 Zl of 
and, since —C, can be represented by z= re”? (OSrS R), 


dz dz te 8dr ania ar 
ee en 


aoe Sag+l J (re™ P41 P+ 
Furthermore, 
1 1 1 
Res———— = —— = ———.. 
zm 2+] ~ 3z2 3e'2*° 
Consequently, 
R . 
F dr 27 dz 
i2n/3 = _ 
But 
dz 1 2nR 
—=—|s -— 0 as RO, 
iE z+l] R-1 3 


This gives us the desired result, with the variable of integration r instead of x: 


Pal = 3(e2*? — gies, gion) = 3(e2"? _ gH) = 3sin(27/3) . on : 
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9. Letm and n be integers, where 0S m<n. The problem here is to derive the integration 
formula 


4 2m 
Jot dem Fon Mtl 
A ie 2n 2n 


(a) The zeros of the polynomial z” +1 occur when 22" =—1. Since 


Cee) (k =0,1,2,...,2n-1), 


(-1)/o” = exo 
it is clear that the zeros of z™” +1 in the upper half plane are 
G = exp CREDE (k =0,1,2,....n—1) 
2n 
and that there are none on the real axis. 


(b) With the aid of Theorem 2 in Sec. 69, we find that 


Res—— = —4— = —— rt! k=0,1,2,....2-1). 
m4] 2nci" an ( oo 


’ 2m+1 ; 
Putting @ = 7, we can write 


om = exo (2k + ae —2n+ 2) 


a exo a aed exp[—i(2 k+ 1) nt] acs gitkta 
a 


2m 1 : 
Res = 1. pitta k=0,1,2,...,.2—-1). 
22 Paar sl n° ( 


In view of the identity (see Exercise 10, Sec. 7) 


gnirtZ (z #1), 
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then, 
i -1 2 = 
ani} Res =~ eS (e20)t ae falter oe 
Pertcees Zn oa 1—e?% emia ms 
2 mi i(2m+l)x -1 es Rn 2i n 
no ete yg git _ omit cin ay 


The residue theorem tells us that 


R xem 2m 
lane ee ani ¥ Res-2 me 


2m 2m 


R 
x nu 

i 2a dx = : -f = dz. 

eee el nsing@ ?Cnz" +1 


Observe that if z is a point on C,, then 


"= RR" and t7"+11> R™" ~1, 


Consequently, 
2. 2. 2 : 
i R™ R” (Rien 
et ep “> 
I, a a4 Rea Re a 
i 


and the desired integration formula follows. 


10. The problem here is to evaluate the integral 


les ae 2g)? +1P’ 


where a is any real number. We do this by following the steps below. 


(a) 


(b) 
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Let us first find the four zeros of the polynomial 


g(z)= (2 -a)y +1. 
Solving the equation g(z)=0 for z’, we obtain z? =a+ti. Thus two of the zeros are 


the square roots of a+i, and the other two are the square roots of a—i. By Exercise 
5, Sec. 9, the two square roots of a+i are the numbers 


% =, (Vara +iVA-a) and ~Zo> 


where A=Va’ +1. Since(+zZ,)’ = a =a+i=a-i, the two square roots of a—i, are 
evidently 
Z and —%,. 


The four zeros of q(z) just obtained are located in the plane in the figure below, which 
tells us that z, and —Z, lie above the real axis and that the other two zeros lie below it. 


Let q(z) denote the polynomial in part (a); and define the function 


Sere 
TAO aye 


which becomes the integrand in the integral to be evaluated when z= x. The method 
developed in Exercise 7, Sec. 69, reveals that z, is a pole of order 2 of f. To be 
specific, we note that q is entire and recall from part (a) that g(z,)=0. Furthermore, 


qV(z= Az(z’ —a) and za =a+ti, as pointed out above in part (a). Consequently, 
q' (2) = 42 (zg — a) = 4iz, #0. The exercise just mentioned, together with the relations 
zi =ati and 1+a’ =A’, also enables us to write the residue B, of fat z,: 


B = 
As for the point —Z,, we observe that 


q(-Z)=-q(z) and q"(-Z)=q"(2). 
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(c) 


Since g(-Z,)=0 and q’(-Z,)=—q'(z,) = 4iZ, #0, the point ~Z, is also a pole of order 
2 of f. Moreover, if B, denotes the residue there, 


2 


_~_ 1%) _ 9%) -| q"(%) \-% 
[a'(-Z)P {a’(z Pa’ T° 


_ ; 2 
B.+B,=B,-B =2ilmB, = ggin| tee +9 
8A‘i z; 


We now integrate f(z) around the simple closed path in the figure below, where 
R>lz,! and C, denotes the semicircular portion of the path. The residue theorem tells 
us that 


: | 
[fades J, fede =27i(B, + B,), 
-R 


or 
f dx = rin] Hae 8 ef dz 
AIG? -a)+1P 4A? 2 Cr [g(z)r 
In order to show that 


. 


dx 
lim. | “=e 
lim J, (Q@or 


we start with the observation that the polynomial g(z) can be factored into the form 


q(z) =(z- a (z+ %(z-% z+ %). 


Recall now that R>Iz,l. If zis a point on C,, so that Izl= R, then 


Iztzlellzi-lall=R—lz! and IztZl2llz2d-iZ11=R-Iz,!. 


1. 


129 
This enables us to see that 1q(z)l = (R-Iz,!)* when zis on C,. Thus 


ee 
(a(z)P 


for such points, and we arrive at the inequality 


1 


Fee ee 
(R-Iz,|)* 


nu 
mR 7 


ee ee Fem Re 
(R-1z,1)° (:- tal) 
R 


1 
—— dz|s 
J, [q(ar 


which tells us that the value of this integral does, indeed, tend to 0 as R tends to . 
Consequently, 


T dx n -a+i(2a’ +3) 
PY. | ————. = — Im| —__"—_—- |. 
J [(?-ay+1P 4A? % 
But the integrand here is even, and 


Im -—a+i(2a’ +3) = In| V2 —ati(2a? +3) NAt+a—-iVA-a 
Z VAtativA-a VA+a-iVA-a | 


So, the desired result is 
j dx 


—— * _ 2g? + 3) Ada tavA—a 
[aay sip 24 [Qa +3)VAt+tat+avyA al, 


0 


where A=-Va? +1. 


SECTION 74 
: . , cosx dx 
The problem here is to evaluate the integral J Gta)’ where a>b>0. Todo 
1 
this, we introduce the function f(z) =—-——-—-——-, whose singularities ai and bi lie 
f= Ga) 6 


inside the simple closed contour shown below, where R>a. The other singularities are, of 
course, in the lower half plane. 
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According to the residue theorem, 


: e* ax iz ° 
J aa i f(2)e"dz = 2mi(B, + B,), 
where 
B, = Res[f(z)e*]= a ere ee 
zai (z + ai)(z + b’) pei 2a(b’ a a di 
and 
B, = Res[f(z)e*]=—2—_ sane 
z=bi (Zz +a°)(z+ bi) |. ,; 2b(a* — b’)i 
That is, 
73 e* dx m (e? z 
laren etal S-T)- [rose 
es R 
¢ cosx dx eee eke ic 
Lraeh al S-S}- Re | F(e)etade 


Now, if zis a point on C,, 
1 
(f(zls M, where M, =—————— 
: "(R= a?)(R’ - 8°) 
and le*l= e"” <1. Hence 
aR 


s|f. flee*ae|s M,2R=————- > 0 as RO &. 


iz 
Ref, F(zye dz (R? — a’)(R* —b’) 


So it follows that 


{_cosxdx nt _[(e? 
lowe el F-S] eke 


2. This problem is to evaluate the integral J eat 
0 


x41 


dx, where a20. The function 


1 : D3 : ; s 
f(z= Pui has the singularities ti; and so we may integrate around the simple closed 


1 
contour shown below, where R> 1. 
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We start with 
R iax 
e ; 
dx+ '* dz = 271. 
. ; J f(zje@dz = 2B, 
where 
B= Res| f(z)e™] a es = e* 
zi Zt+ij_, 2 
Hence 
x é 
Lae me *~ [feeae, 
or 
f £28 de = ne | f(ze™dz, 
Ip *® + 
Since 
I f(z)ls M, where Mosse 
R*-1 
we know that 
R 
Re | f(z)e'“dz< ze™ replace 
Jr i Jr s aa 
and so 
cos ax 
i ware. 
That is, 
+ cosax n 
——— dx = —e™? 2 0). 
er alee ee) 


xsin2x 


To evaluate the integral js aot we first introduce the function 


z 


es ari (z-%)(z-%)’ 


where z, = /3i. The point z, lies above the x axis, and Z, lies below it. If we write 


f(ze* ae $(z) where $(z) cn zexp(i2z) 
ZZ, z-Z 
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we see that z, is a simple pole of the function f(z)e'** and that the corresponding residue is 


a _ V3iexp(—2V3) _ exp(-2V3) 
A Oa) aia Poor a 


Now consider the simple closed contour shown in the figure below, where R > V3. 


Integrating f(z)e’** around the closed contour, we have 


f xei2* 
dx =2miB,-| f(z)e'* dz. 
igh +3 ; i 


R : 
xsinx . i2z 
Jory 3 =m Oni) Im], flee" ae 


Now, when z isa pointon C,, 


If(z)ls Mz, where M,= 70 as R50; 


R’ -3 


and so, by limit (1), Sec. 74, 
. i227 
lim |, fede =0. 
Consequently, since 
lim, Fee" aes] Flore ae 
we arrive at the result 


xsinx , _ us xsinx , = 
J ag oe 2/3), or Jpg Bae NS). 
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x’ sin ax 


7 dx, where a>0. We define the function 
x'+4 


The integral to be evaluated is | 


3 
f= are and, by computing the fourth roots of —4, we find that the singularities 
Zz 


Zz = V2e*"4 = 1+i and z= vV2e3"4 = V2ei*!4 eit/2 as (+ii ea -l+i 


both lie inside the simple closed contour shown below, where R>+V2. The other two 
singularities lie below the real axis. 


The residue theorem and the method of Theorem 2 in Sec. 69 for finding residues at simple 
poles tell us that 


R xe ; 
J get J, f@eMde = 201B +B), 
R Rg 


opx +4 
where 
3 az 3 jaz, faz, ia(1+i) -a_ia 
ze Ze e e ee 
B, =Res— = 1 = = = 
zu zet4 Az 4 4 4 
and 
Zeit 2 giz pitt, pia(-I+i) pala 
= Res——— 2 = = 
a z+4 = 4z 4 4 4 
Since 


e+e" 


27i(B, + B,) = nie( =ine™ cosa, 


we are now able to write 


R 3. 
x” sinax ig i 
ery eae me cosa~Im f F(zedz. 
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Furthermore, if z is a point on C,, then 
3 


lf(z)is M, where My == 40 as R —> co; 


and this means that 
lim I, f (elde| S$ lf. Flae'de| +0 as R>~, 


according to limit (1), Sec. 74. Finally, then, 


j= 
x'+4 


dx = me’ cosa (a>0). 


x?sinxdx 


G@+Due +5)’ we introduce here the function 


8. In order to evaluate the integral J 
0 


Zz : aisha. 3 P : 
f= Tat +5)" Its singularities in the upper half plane are i and 3i, and we 


consider the simple closed contour shown below, where R > 3. 


Since 
3 iz 
{ 
Res ‘le ae be 
esl f(cDe*] ateas |. Ie 
and 


3 i 9 
Res Zz e® Seen Sea rem ars 
sot [F¢ ) | ale 16e° 


the residue theorem tells us that 


i x°e* dx 


a ee ae ee 
anata th, f@etae= 2m Py } 


-R 


R rs 
{ x’ sinx dx 1 


9 iz 
G+ +9) a0 - 7 ~Im |, f@)e*de. 


-R 
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Now if zis a point on C,, then 


R 


SEE SASS ea aa) 


as R—- 9, 
So, in view of limit (1), Sec. 74, 


70 as R00; 


[im Ie f(ze"dz sf, F(2e"dz 


and this means that 


j x’ sinxdx -2(3-1) Os j x’ sinx dx == (3-1) 
(x? +1)(x7 +9) Bee? , (x7 +1)(x° +9) 16e e ; 


sinx dx 


—z can be found with the aid of the 
x +4x45 


The Cauchy principal value of the integral J 


1 
2+4z+5 
Using the quadratic formula to solve the equation z7+4z+5=0, we find that f has 


function f(z)= and the simple closed contour shown below, where R>~5. 


singularities at the points z, =—2+i and Z,=—-2-i. Thus f(z)= Tt where z, 
Z~ ZN mH Ze 


is interior to the closed contour and Z, is below the real axis. 


The residue theorem tells us that 


ted , 
Praag befOr ea 2a8. 
where 
B= Re| — 2 ees 
mal (z—z\(z-%)] (2, -%)’ 
and so 


* sinxdx 2nie™ 
—_——— =] —Im itd 
Ie +4x45 nl 2 - =| ie f(e)erde, 
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10. 


i sin x dx 


eee eek it 
Axe +4xt 5 oe Im |, f@e ee 


Now, if zis a point on C,, then le"l=e~” <1 and 


1 ee | 


|f(z)is Mz where Me Raz(RAE) ROS 


Hence 


im I. f(z)e*dz 


S$ L., fee*de < M,nR= Roy +0 as R- ©, 


and we may conclude that 


(x+1)cosx 


dx, we shall use 
x’ +4x4+5 


To find the Cauchy principal value of the improper integral IS 


z+l_ 8 zt+l 


> 44745 (z-z,)(z- Z) 
same simple closed ie as in Exercise 9. In this case, 


the function f(z) = y’ where z, =~—2+i, and Z, =—2-1, and the 


(x+ De® dx bee ie 
jones +4x45 +[_ fe dz =27iB, 
where 
B=Res tet = +e" _(-1+e% 
SESE e Dy Ee) 2ei 
Thus 
R 
(+I Cosx 5, _ Reva mip) ‘ 
AX 4x45 dx = Re(2.aiB) ie f(ze*, 
or 


f(x+lcosx, 2 
— =—(s] - = iz 
ie RACES dx i (sin 2 — cos 2) I, f(e"dz. 


Finally, we observe that if z is a point on C,, then 


R+1 R+1 


If(z)ls M, where Me Roz IRAE) (R-V5 Gy >0as RO ©. 
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Limit (1), Sec. 74, then tells us that 


0 as R- 0, 


[Re [., Fwe*de|s | J, fede 


and so 


pv. | Caboose (x+ (x+1)cosx 5. 


at 
dx = —(sin2 — ’ 
e+ 4x45 a cose) 


12. (a) Since the function f(z) = exp(iz’) is entire, the Cauchy-Goursat theorem tells us that its 
integral around the positively oriented boundary of the sector OS rs R, OS OS 27/4 
has value zero. The closed path is shown below. 


A parametric representation of the horizontal line segment from the origin to the point 
Ris z=x (0S x SR), and a representation for the segment from the origin to the point 


Re®'* is z= rei™!4 (O<r<R). Thus 


R R 
z roy 3 < 
fe* dx +f e” dz—e'*!4 fe" dr =0, 
0 - 0 
R 2 x 2 2 
fe dx =e" [er dr— J e” dz. 
0 0 " 


By equating real parts and then imaginary parts on each side of this last equation, we 
see that 


Joost = glee - Re edz 
an 


Janes? = alone Im {., e® dz. 
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(b) A parametric representation for the arc C, is z= Re® (0<0< 2/4). Hence 


7 al4 be al 3 

. . iy? Ay. a fos ' sp2 *, 

iy e® dz = fe® e Rie®d@ = iR Je R sin 26 Dik 00828 618 10. 
R 0 2 

Since a ace =1 and le*| =, it follows that 


Ie" 


Then, by making the substitution ¢ = 26 in this last integral and referring to the form 
(3), Sec. 74, of Jordan's inequality, we find that 


als a 
<R fe? sin26 19. 
0 


a 2 
fe as ematagc® R=. 
af 5 ae 4R aR 70% RO 


(c) In view of the result in part (b) and the integration formula 


oo 8 


it follows from the last two equations in part (a) that 
foostx?) dx = iE and fsincx?) de = aye. 
: 22 ; 2\2 


1. The main problem here is to derive the integration formula 


SECTION 77 


j cos(ax) = cos(bx) 1. z (b-a) (a20,b20), 


using the indented contour shown below. 


Applying the Cauchy-Goursat theorem to the function 


e'= — 


f(z) = ra 


we have 


[,f@dz+ J, F@de+) fede f_ fleodz =0, 


J f@d+], f@de=-[. Fede-f, fae 


Since L, and ~L, have parametric representations 
L:z=re°=r(psrsR) and —L,:z=re™ =-r(p<rsR), 


we can see that 


jar ibr R miar ~ibr 
ar+ |—4 
7 r 


r 


| ,f@d+], f@de=], f@ae-] flede =f 


Ry iar -iary _ ¢_ibr —ibr R ne 
= | (e" +e 5 (e" +e") dr=2 { cos(ar) =costur) dr. 
r 
p p 


R 
—cos(b 
9 a = =e f(2)adz -f. fl2dz. 


\ 


In order to find the limit of the first integral on the right here as p > 0, we write 


_1 iaz . (iaz) , (iaz)? ibz , (ibz)’ , (ibz)? 
jeey= {t+ OE a.) (oe Oo, ed . 


~ia-b), (0 <Izl < ), 


| \ linn iB f(z) dz = —By ni = -i(a ~ b) ni = x(a —b). 


Beery 


\ 
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As for the limit of the value of the second integral as R —> 0, we note that if zis a point on 
C,, then 


joc le™i+He”| cs _erte” eltl 2 
RR" 


iz? R’ R 


Consequently, 


J. (2) des = aR =72 5 0 as R—> 00, 
It is now clear that letting p > 0 and R~ yields 


2f L08(ar) = C080) ip = mb —a) 


This is the desired integration formula, with the variable of integration r instead of x. 
Observe that when a =0 and 6 = 2, that result becomes 


(= oe) decid 


0 x: 


But cos(2x) =1—2sin” x, and we arrive at 


Let us derive the integration formula 


tx (l-a)z 
Ppa Comes = 
he +1" 4cos(am/2) ae 


where x* = exp(alnx) when x>0. We shall integrate the function 


exp(alogz) 


fo aa (+1)? 


514 32 
I> 0,-— < <— |, 
(Ia>o 5 argz =| 


whose branch cut is the origin and the negative imaginary axis, around the simple closed 
path shown below. 
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Branch cut 


By Cauchy's residue theorem, 

[fod], Feder], f@)de+ J, Fd = 2niRes fle). 
That is, 

[, F@d+ J, f@)de=2niRes fe)—[_ fledde~ J, f(zdaz. 
Since 

L:iz=re°=r(pSr<R) and -L,:z=re*=-r(psrsR), 


the left-hand side of this last equation can be written 


ettinr+i0) ettlartin) : 
; e” dr 


[,f@d-], f@de= o> pe liar 


dr =(1+e**) Fos, 


R 
r° iax 
“Sap as orsr as, we 


Also, 


Res f(z) =9’(i) where 00) = 


the point z =i being a pole of order 2 of the function f(z). Straightforward differentiation 
reveals that 


¢’ (= eft pee et =| 


(z+i)* 
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and from this it follows that 


Res f(z) = eo nenn( ts *). 
4 
We now have 


arenfet Se dr p= OO ie ~ J, f@de- J, Fedde. 


Once we show that 


lim J, f(2)de= 0 and lim [_, f(z)dz= 


pod 


we arrive at the desired result: 


[ag 
4 (7? +1)" 2 1+e* ein? 4 elt? 4 et? Acos(an/ 2) 


The first of the above limits is shown by writing 
jogs 1, 7p" | 
oF a-p’y 


and noting that the last term tends to 0 as p->0 since a+1>0. As for the second limit, 


\dz|< 


1 
pee eR oR 
ea 1) (R? -1)° i (1-4) 


le f(2dds 
and the last term here tends to0 as R-—» ~ since 3-a>0. 


3. The problem here is to derive the integration formulas 


Vx Inx a ° Ax 1 
= so = oe 
3 x? ra a 6 an os J x +1 es 3 
by integrating the function 


23 
Z loge _ e(/3)logz logz 


; (la 0, ~F carpe <2) 
2+l gf 4l 2 2 


f= 2B 
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around the contour shown in Exercise 2. As was the case in that exercise, 


J, f@de+ J, f@)de=2niRes f(2)- J f@)de- J fleddz 
Since 


(1/3) log z 
fe)= 22 where 9(z)= 28, 
Z-l Zt+l 


the point z=i is a simple pole of f(z), with residue 
Res f(z) = (i) = 2 e*, 
gai 4 
The parametric representations 
L:z=re®=r(pSrsR) and —L:z=re*=-r(p<rsR) 


can be used to write 


[,f@a= J pein, and Fen net | Tinta, 


+1 


ler fear ar cn a x zie ale f(z)dz = f (z)dz. 


By equating real parts on each side of this equation, we have 


a = -2 sin(n/ 6) 


apna +cos(z / at jet ay asin) 2 
Ref f(@)dz—Ref_ F(z)dz; 
and equating imaginary parts yields 


fMrinr _dr == cos(n/ 6) 


hal + acos(n/ ofa 


sin(x /3) lew: 
—Im il f(z)dz-Im ii, Ff (z)dz. 


Now sin(z/3)= aE} , cos(#/3)=—, sin(7e/ 6)= =, cos(n/ 6) =%2 and it is routine to 


show that 
lim [,, f@)dz=0 and lim |. f(e)de=0. 
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Thus 
2M gy MELE go 
ro +1 sr + 4’ 
Bears xe Vr ees 
make 53 r=, 
re+1 "347 +1 4 
That is, 
3 IN3 n 
Spa a 
ee fh 4’ 
V3, 2, x3 
te S42 | 
2 2 4 


Solving these simultaneous equations for J, and J,, we arrive at the desired integration 
formulas. 


4. Let us use the function 


~ {logz) ( _£ =) 
F(z) ee Izl>0, MEE 


and the contour in Exercise 2 to show that 


js + (in x) te _« d i Inx 


= an —=— dx = 0. 
xo sie 4x +1 0 


Integrating f(z) around the closed path shown in Exercise 2, we have 
J, f@de+]) f@)de=2niRes f(z) - J, Fae-f, fede. 


Since 


f= £2 where (z) = 2082), 


Zti 


the point z =i is a simple pole of f(z) and the residue is 


{esi _(inl+in/2) x 


Res f(z) = o@= F a” 


Also, the parametric representations 


L:z=re®=r(pSr<R) and -L:z=re™ =-r(p<rsR) 


enable us to write 


[,f@a= joe Cory ar and J fle)de= J joortiay a 


Since 
R 
4 2mi [OO ar, 
4r +1 
then, 
* (nr)? a dr Inr — 
estat laa nf “ar |, f@az- [., Fda. 


Equating real parts on each side of this equation, we have 


R 2 R 3 
hes dr- nf dr =-7-ReJ, f@)de-Re f(z)dz; 


5 r+i 
and equating imaginary parts yields 
20 in 


It is straightforward to show that 


ee Im]. f(zdz- Im. f(z)dz. 


lim f_ f(e)de=0 and lim J f(z)de=0. 
Hence 


for Apes a este n 


and 


Finally, inasmuch as (see Exercise 1, Sec. 72), 


[stat 
sti 2° 


we arrive at the desired integration formulas. 
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Here we evaluate the integral — where a>b>0O. We consider the 
9 (¥+a)(x+b) 
function 
I 
23 _ exp( og: 


(zl> 0, 0 <argz<2z) 


IE) Gai hy GEOEED) 


and the simple closed contour shown below, which is similar to the one used in Sec. 77. The 
numbers p and R are small and large enough, respectively, so that the points z=—a and 


z=—b are between the circles. 


Branch cut 


A parametric representation for the upper edge of the branch cut from p to R is z=re” 
(9 Sr R), and so the value of the integral of f along that edge is 


pos =(Inr +i0) a 


(r+a)(r+b) Le er 


A representation for the lower edge from p to is R is z=re'*” (9 <r<R). Hence the 
value of the integral of f along that edge from R to p is 


~ 


1 
R exp| (In r+i2 n)| oR ur 
_ aoe i: Dike some = ~e?#3{__1___dy 


(r+a)(r+b) (rt+ayrt+b) 


p 


According to the residue theorem, then, 


VF 


lauaae Jr@a= 2ni(B, + B,), 


R 
eres (r+ re +b) GG J noaSe= 
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where 
1 
exp| 7 tog(-a)| _exp{ 5 (na +in)| inl3 30q 
3 3 __@ a 
CRN Oem ages gape igs 
and 
exo slos(-b) 2/5 gdnbrin)| ca 
B, = Res f(z) = ores 
Consequently, 
nen\p___ Vr 2 nie" A/a —Vb) 
— pi2nl3 cee oe eee as fs I ANNE) = 
a Neen a-b J rend ] fede 
Now 
Ve _2nVpp_ 
< —_—2 0 0 
SOUP Gootep Gen ee 
and 


VR _ 2aR? | 1 i 
J, £ede| sak = TATE Tg 708 RO 


Hence 
f Vr __2nie™?QYa-Nb) e*? _——_ 2mi(Va-Vb) 
; (r+alr+b) - (1- e? #3 \(q— b) as  (e# —e*3)(q—b) 


__2Wa-Vb) _ mWVa-Vb) _ 2” Va-Vb 
~ sin(t/3)(a-b) V3 (a-b) 7 a-b © 
2 


a 


Replacing the variable of integration r here by x, we have the desired result: 


_2n Va-Nb 


lacaern* NG a-b 


(a>b>0Q). 
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6. (a) Letus first use the branch 


1 
-1/2 exp(-Flog z) 
OES 2 n 3a 
Pal 241 (la>o, 7 <arge< 3) 


f= 
and the indented path shown below to evaluate the improper integral 


i dx 
9 Vx(x7 +1) 


y 


Branch cut 


Cauchy's residue theorem tells us that 


J, P@de+ |, f@)de+ |, fledde+ J, f@)de=2miRes f(2), 


[,f@d+ |, f@)de=2niRes f(2)- |, fede-f, fae. 
Since 
L:z=re°=r(o<rsR) and -L:z=re™=-r(p<rsR), 


we may write 


_{ dr {dr aint a 
Ji fla)ez ol, ne le +1) TD = Te +1) 


Thus 
R 
F dr : 
OO) Treray REPO), Fedde |, feede 
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Now the point z =i is evidently a simple pole of f(z), with residue 


“12 exp| —3 ogi exo|~2(im1+i2)]| “ith (yy 
ea eae) 
Furthermore, 
J. f(z)dz pet een) ee, as p> 0 
, Vp-p") 1-p 
and 
awe 7. 4 0 as R ~. 


[,,0¢|s Gey vR(R-<) 


Finally, then, we have 

wt ar m(1—i) 
1-){———= 
Fea v2” 


which is the same as 
——— = 7 
oVx(x? +1) V2 


F : , dk 
To evaluate the improper integral | =, we now use the branch 
J Nx(x? +1) 


1 
yi exp( —Slog2 
= (ld> 0, 0 <argz<227) 


de) 2+l 


and the simple closed contour shown in the figure below, which is similar to Fig. 99 in 
Sec. 77. We stipulate that p <1 and R>1, so that the singularities z=+i are between 


(b) 


C, and Cp. 


Branch cut 
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Since a parametric representation for the upper edge of the branch cut from p to R is 


z=re” (9 <r R), the value of the integral of f along that edge is 
1 : 
a exp| ——(Inr +i0) R 1 
|—,-——« = ota 
A r+ ovr(r +1) 


A representation for the lower edge from p to is R is z=re* (p< rs R), and so the 
value of the integral of f along that edge from R to p is 


R ex ~F(tar+ian)| 


R R 
one! 1 
—_ dr = —e~" | ——_———- dr = | —--—————_-dr. 

) Pl ede Lae as " Brees 


Hence, by the residue theorem, 


R 1 R 1 ; 
Srey * J Fenda i J Tort f(2)dz = 27i(B, + B,), 


where 
Pai exo| -= log | exo|-2{int+ iZ) | oes 
se zti i 2i 2i 2i 
and 
gue exp] —F10a(-i| exe|—3(in 1+i =) giana 
B = R = =-_eeeoeo = SS te 
2 = f(z) = le =F oF oF 

That is, 

, 1 

9, { —_——_—- dr = ar e7i7!4 — e7i34/4y _ _ 

le aye eee J f(z)de [rede 

Since 
2xp _2nJp 
(@ide|s PEP PAP g as p> 0 
hf Jyo(l-p?) 1-2" P 

and 


2 
AF) 


0 as R- 0, 


22R 
I. f(z)dz | < TR = 
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we now find that 


j 1 ae _ pees ap alt 2 ee $e tlh it 
4 Vr(r? +1) 2 2 


2 Po i +e lA - roo 2) = 1 
2 4} 2° 


When x, instead of r, is used as the variable of integration here, we have the desired 


result: 
ee 
5Vx(x?+1) V2 
SECTION 78 
1. Write 
[ae ae ee eae 
4, 5+4sin@ “s+a{2=2) iz 4227 +Siz—-2’ 


2i 
where C is the positively oriented unit circle [zl=1. The quadratic formula tells us that the 
singular points of the integrand on the far right here are z=—i/2 and z=—2i. The point 
z=-i/2 is a simple pole interior to C; and the point z = —2i is exterior to C. Thus 


2x 

dé . 1 1 1 20 
tO — 25a Res a eg | eae Se 
\eeaaie miRes| | lara, ni(=) 3 


9 


2. To evaluate the definite integral in question, write 


ee i ee 
J l+sin? 9 (S2) ig *¢z*-627 +1’ 
2i 


where C is the positively oriented unit circle !zZl=1. This circle is shown below. 
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Solving the equation (z’)’ — 6(z*)+1=0 for z” with the aid of the quadratic formula, we 
find that the zeros of the polynomial z* —6z” +1 are the numbers z such that z? =3+272. 


Those zeros are, then, z=+y3+ 2V2 and z=+y3-2V2. The first two of these zeros are 
exterior to the circle, and the second two are inside of it. So the singularities of the 
integrand in our contour integral are 


z=V3-2V2 and z, =-Z, 


indicated in the figure. This means that 


+ de 
—~— = 27i(B, + 
lien? TRE): 
where 
Fed a 
maz -6r +1 4g°—12z, u-3 (-2v2)-3  2v2 
and 
Aiz —4iz, i i 
B, = Res————- = —___ = =-——. 
Paz 62+1  —42?4+12z 22-3 22 
Since 
Qn V2 
27i(B, + 2H 23 | 2 wee 2%, 
(B, +B,)= (- <) mea 
the desired result is 
t 40 
=~V2n. 
rer van 


7. Let C be the positively oriented unit circle |zI=1. In view of the binomial formula (Sec. 3) 


-1 as 


——— dz 


t. 17. Lp (z—-zt)" de (z-z 
*" 9d =— | sin” d0 =— <= 
Jsin 3 J sin =I i iz =a -1)" “rh ae 


k=0 


are 1" oar ail: a ". dak lye lg, 


ae oe "\. -1Y J. gran tk-t 
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Now each of these last integrals has value zero except when k =n: 


i z'dz=2ni. 
Consequently, 
Poweds 1 (2n)\(~1)" 27 (2n)! 
" 9d = —————- . 
Jin genti (-1""i (n n’ gia (n 1)? 
SECTION 80 


5. We are given a function f that is analytic inside and on a positively oriented simple closed 
contour C, and we assume that f has no zeros on C. Also, fhas n zeros z, (k =1,2,...,n) 
inside C, where each z, is of multiplicity m,. (See the figure below.) 


The object here is to show that 


[rg deo amid mt 


To do this, we consider the kth zero and start with the fact that 
F(z) = (z-%,)”™ a(2), 


where g(z) is analytic and nonzero at z,. From this, it is straightforward to show that 


2F'@) mz, 28") mE a)t me | 28) _ 4, 28°), ee 
f(z) 2-% (2) anh gz) * gz) z-% 


zf‘(z) 
f(z) 


, 
Since the term 28°) here has a Taylor series representation at z,, it follows that 


has a simple pole at z, and that 
es ZL @ 
zt f(z) 


An application of the residue theorem now yields the desired result. 
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6. (a) To determine the number of zeros of the polynomial z°—5z* +z? —2z inside the circle 
izi= 1, we write 


f(z)=-Sz* and g(z)=z°+z2?~2z. 
We then observe that when z is on the circle, 
If(zM=5 and Ig(z) Sizi’+iz?+ d= 4, 


Since | f(z) >1g(z)I on the circle and since f(z) has 4 zeros, counting multiplicities, 
inside it, the theorem in Sec. 80 tells is that the sum 


f(z) + 8(z) = 2° -5z*+z°-22z 
_ also has four zeros, counting multiplicities, inside the circle. 
(b) Let us write the polynomial 2z* —2z* +2z* -2z+9 as the sum f(z)+(z), where 
f(z)=9 and g(z)=2z*-2z° +227 -2z. 
Observe that when z is on the circle Izl=1, 
If(zl=9 and Ig(z)lS 2izi*+ 212? + iz? +2id=8. 
Since If(z)l>Ig(z)l on the circle and since f(z) has no zeros inside it, the sum 
f(z) + g(z) = 2z* -22? +2z? ~2z +9 has no zeros there either. 
7. Let C denote the circle |zl=2. 
(a) The polynomial z* +3z’ +6 can be written as the sum of the polynomials 


f(z)=32? and g(z)=z' +6. 
On C, 


If(zl=3lzP=24 and Ig(z=Iz4+6!<izi*+6 =22. 


Since | f(z)|>Ig(z)l on C and f(z) has 3 zeros, counting multiplicities, inside C, it 
follows that the original polynomial has 3 zeros, counting multiplicities, inside C. 


(b) The polynomial z* —2z°+9z? +z —1 can be written as the sum of the polynomials 


f(z)=92? and g(z)=z* -223+2-1. 
On C, 


f(z =9lz?=36 and Ig(z=lz4—-2z7+2-1 <li +22 +1241 = 35. 
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Since I f(z>Ig(z)l on C and f(z) has 2 zeros, counting multiplicities, inside C, it 
follows that the original polynomial has 2 zeros, counting multiplicities, inside C. 


(c) The polynomial z) +3z°> +z? +1 can be written as the sum of the polynomials 


F(z=z and g(z)=3z° +2? +1. 
On C, 


If(zl=lzih=32 and Ig(z)=132* +27 +s 312? + Iz? +1= 29. 


Since | f(z)l>lg(z)l on C and f(z) has 5 zeros, counting multiplicities, inside C, it 
follows that the original polynomial has 5 zeros, counting multiplicities, inside C. 


10. The problem here is to give an alternative proof of the fact that any polynomial 


Plz) =a, +az++0, 27! 40,2" (a, #0), 


where n 21, has precisely m zeros, counting multiplicities. Without loss of generality, we 
may take a, =1 since 


Pee)= a 24 Scag ty +2 


f(z)=2" and g(z)=a,tazt--ta,,2"". 
Then let R be so large that 
R>it+lal+lal+---+a_,!. 


If z is a point on the circle C:!zl= R, we find that 


Le(z Slag +lalizlt--+1a, (liz =lal+lalR+--+la, IR" 
<lajIRY! +a) R"! ++-+1a, IR"! =(lagl+lal+-+1a,_)R 
< RR") = R" =(2l" =) f(z). 


Since f(z) has precisely n zeros, counting multiplicities, inside C and since R can be made 
arbitrarily large, the desired result follows. 
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SECTION 82 


1. The singularities of the function 


28° 


si —4 


F(s)= 
are the fourth roots of 4. They are readily found to be 
s=v2e*? 
v2, V2i, -V¥2, and —~3i. 


See the figure below, where y>~+/2 and R>V2 + Y. 


The function 


has simple poles at the points 


5) =V2, 5, =~2i, s,=—V2, and 5, =-v2i; 


and 


3 ?, ie 2ste" SS Qsie* 
2 Resle Fl=> Res 4 =a 4s° =2 


7 ev +e x iv + ee 
2 2 


= cosh ¥2t+ cos V2t. 


(k = 0,1,2,3), 
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Suppose now that s is a point on C,, and observe that 


Isl=ly+Re"lSy+R=R+y and Isl=ly+Re®l2ly—Rl=R-y>-V2. 


It follows that 
125°} = 2s? < 2R+ 7) 
and 
Is* — 41 2 Ilsi*-412(R- y)* -4>0. 
Consequently, 
2°R+Y)° 
1F(s) < ——___ oo 
(s)I (R-yy'-4 0 as R>&, 


This ensures that 


f(t)=coshV2t + cos-V2t. 


The polynomials in the denominator of 


2s—2 
AO ee 
) = Cae? +2045) 


have zeros at s=—1 and s=-1+2i. Let us, then, write 


e"F(s) = ame cBA Sine 
(s+ 1)(s—s,)(s—5,) 

where s,=—1+2i. The points —1,5s,, and 5, are evidently simple poles of e*F(s) with the 
following residues: 

P e"(2s —2) ss 

= Res|e"F(s)|=——————_|_ =-e", 

B, zg=-l [ | (s — 5, )(s = ae 

P (2s, -2) 1 i); 

=Res[e"F(s)] = 1-4) (2s =(3-3) teitt 

A, = Res[e“F(s)] (s,+D(s,-5) \2 2)° © ’ 


e* (25, ~2) -| e*'(25, -2) |- —_ (3 z Deve 


(5, + MG, -5,) = 22 


BoA: (5, +5, —¥) 
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It is easy to see that 


“ 1 i)3p le ear 
B,+B,+B,=—e +(5-Z)e 'e r4(5+i)e fg itt 


i2t ids i2t ~idt 
+, fe 7e e+e Ss 
=-e‘'+e (qo). ‘(sin 2t + cos2t— 1). 


Now lets be any point on the semicircle shown below, where y>0 andR>V5+/. 


Since 
Is=ly+Re®ls y+R=R+y and Isl=ly+Re®lzly—-Rl=R-y>V5, 
we find that 
l2s—21< isl +25 2(R+ y) +2, 
Is +12 Ist-1l>(R- y)-1>0, 
and 
Is? +2s-+5l=Is—s,lls—512 (Isl-Is,l)° 2[(R- yy -v5] >0. 
Thus 


Ias-21 2UR+y)+2 ey eee 


PONT yilist 42545 7 [(R-) -1][(2- 1 - V5] 


and we may conclude that 


f(t) =e" (sin 2t + cos2t-1). 
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4. The function 


2_ 2 
=a (a>0) 


has singularities at s=+.ai. So we consider the simple closed contour shown below, where 
y>QOand R>at+y. 


Upon writing 
__ 9s) _s-a 
Or Gamp TO aa 


we see that $(s) is analytic and nonzero at s, = ai. Hence s, is a pole of order m=2 of 
F(s). Furthermore, F(s) = F(5) at points where F(s) is analytic. Consequently, 5, is also 


a pole of order 2 of F(s); and we know from expression (2), Sec. 82, that 
Res [e"F(s)]+ Res [e"F(s)] =2Re[e™(b, +b,)], 


where b, and b, are the coefficients in the principal part 


5, _ 
s-ai (s—ai) 


of F(s) at ai. These coefficients are readily found with the aid of the first two terms in the 
Taylor series for ¢(s) about s, = ai: 
1 1 


F(s)= Guay g(s) = (s—ai) 


5 ai + ws —ai)+ - 
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_ (ai), ¢’ (ai) st 
(s-ai’  s-ai 


(0 <ls — ail< 2a). 


It is straightforward to show that $(ai)=1/2 and @’(ai)=0, and we find that b, = 0 and 
b, =1/2. Hence 
Res [e"F (s)] + Res [e*F(s)] = are e*(Z1)| =tcosat. 
We can, then, conclude that 
f(t) = tcosat (a> 0), 
provided that F(s) satisfies the desired boundedness condition. As for that condition, when 
zis apointon Cp, 
Id=lyt+Re"l<S y+R=R+y and Id=ly+Rel21y—-Rl=R-y>a; 
and this means that 
I -a@isid+a? <(R+y)"+a® and [22447 2IMI2?-a7I> (R-yy -a’ >0. 


Hence 
(R+yY +a? 


SOU EESDEINS Summa ered Rc. 
(Roy ap ee 


IF(zls 


6. Weare given 


sinh(xs) 
F(s) = ——— 0<x<1), 
‘s) s’ coshs aa 
which has isolated singularities at the points 
S=0, 5, an UE. and 5, = —(2n-)r (n =1,2....). 
2 2 
This function has the property F(s) = F(5), and so 
f= Res [e*F (s)] + > {Res [e"F (s)] +Res [e*F cs]. 
Sq n=l s=S, s=5, 
To find the residue at s, =0, we write 
sinh(xs) _ xs+(xsP (Ble. xtx5s?/ 64+ (o<is<3) 
s*coshs s*(1+s?/2!+--) st /2+-- : 
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Division of series then reveals that s, is a simple pole of F(s), with residue x; and, 


according to expression (3), Sec. 82, 
Res[e"F(s)] = Res F(s) =x. 


As for the residues of F(s) at the singular points s, (n=1,2,...), we write 


F(s)= a where p(s) =sinh(xs) and g(s)=s?coshs. 


We note that 
p(s,)= PP catia Li #0 and q(s,)=0; 
furthermore, since 
q'(s) = 2scoshs +5” sinhs, 
we find that 


_1)\2 2 ae _1)2 42 
fj ee =! ad isin P= he Gale = = sin( na -2) 


Cd 
4 


(2n-1) x? 


n 
(sin nm@cos— — cosnmsin =). 
2 2 4 


In view of Theorem 2 in Sec. 69, then, s, is a simple pole of F(s), and 


Resp ote et Dg CAD 
sms, q'(s,) ra “(Qn— —1) 2 


Expression (4), Sec. 82, now gives us 


“ st 4 
Res [e“F(s)] +Res[e“F(s)] = 2Re| oF ; 


I" n=l (2n-1at 
. (Qn-1 ea ae . 


(-1)"i #0. 


(—1)" Sas (2n—-1)ax ena (2n el 
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Summing all of the above residues, we arrive at the final result: 


i (<D" _  2n-Dax .. (n-1)at 
f()ax+ er wea — pF uae eas aa aa 
The function 
= 1 
EGY scosh(s"?) ’ 


where it is agreed that the branch cut of s'”” does not lie along the negative real axis, has 
(2n -1)* x? 


4 


1/2 


isolated singularities at s, =0 and when cosh(s'’”)=0, or at the points s, =— 


(n=1,2,...). The point s, is a simple pole of F(s), as is seen by writing 


1 7 1 = 1 
scosh(s”?)  s[1+(s!)?/21+(6'7)* / 414+] s+57/245°/244-- 


and dividing this last denominator into 1. In fact, the residue is found to be 1; and 


expression (3), Sec. 82, tells us that 
Res[e“F(s)] = Res F(s)=1. 
As for the other singularities, we write 


F(s)= my where p(s) =1 and qs) = scosh(s”), 


Now 
P(s,)=1#0 and g(s,)=0; 


also, since 


q(s)= ss ? sinh(s'””) + cosh(s"), 


it is straightforward to show that 


a((s,) =~ Po sin( nn - =). ene —1)" #0. 
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So each point s, is a simple pole of F(s), and 


$5, ~ @(s,) & 2n-1- 


Consequently, according to expression (3), Sec. 82, 


4 53 4 (-1)" (2n—1) x’t 
R Fi =e" a ated a 
Res [e (s)] e Res F(s) Sane es , (n= 1,2,...). 
Finally, then, 


f(t)=Res [e"F (s)| + y Res [e* F (s)| : 
Oo n=l S=S_ 


apg AFD" py On—Di nt 
f0)=14 25 SY" ox] 4 | 


a=l 


Here we are given the function 


coth(as /2) cosh(zs / 2) 
ES ey 
s +1 (s° + ])sinh(as / 2) 
which has the property F(s)= F(5). We consider first the singularities at s=+i. Upon 
writing 
cosh(zs / 2) 


20) = —cosh(ns/2) _ 
PONS ee re Oe eenanas to): 


we find that, since @(i)=0, the point i is a removable singularity of F(s) [see Exercise 
3(b), Sec. 65]; and the same is true of the point —i. At each of these points, it follows that 
the residue of e“F(s) is 0. The other singularities occur when 2s/2=nmi 


(n=0,£1+2,...), or at the points s=2ni (n=0,+1,+2,...). To find the residues, we write 


F)= 2 where p(s) = cosh{ =) and a(s)= (6? + sinh =) 
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and note that 


p(2ni) = cosh(n7i) = cos(nm) = (—1)" #0 and q(2ni) = 0. 
Furthermore, since 


oa sn Feel F )2ssinn($) 
q(s)=(s ) 60s ; +2ssinh a. 


we have 
2 
q'(2ni) = (—4n? + 1) Seosh(nai) =(-4n? + Dcos(na) SEO EY cape 
Thus 
ResF(s) = LO) 2.1 (n=0,41,42,...). 


se2ni q’(2ni) m 4n?-1 


Expressions (3) and (4) in Sec. 82 now tell us that 


Retard 32 
Res[e"F(s)] = Res F(s) Fi 


and 
st st i2nt 2 1 4 cos2nt 
Res[e“F(s)]+ Res [e*F(s)] = 2Rele : (-2. rae “| Pagan “Meee 
The desired function of ¢ is, then, 
2 4 cos2nt 
pj=-—-— : 
FO mn p> 4n? -1 
9. The function 
sinh(xs"’) 
F(s) =~ O<x<)), 
s) s’ sinh(s’7) ¢ ) 


where it is agreed that the branch cut of s’”” does not lie along the negative real axis, has 
isolated singularities at s=0Q and when sinh(s’”)=0, or at the points s=—n?z? 
(n=1,2,...). The point s =0 is a pole of order 2 of F(s), as is seen by first writing 


sinh(xs'”) _ xsl? + (xs?) 1314 (as?) /St4e- x t3°5/ 6429s? /1204--- 
s’sinh(s””) 5? s+ (SPP 1BL4 (SY S14] S°+s°/64+5s*/120+--- 


10. 


and dividing the series in the denominator into the series in the numerator. The result is 
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sinh(xs’”) = 1 : 
Fsinh(s?) a ears (x3 -x)= tes (0 <isl< 27). 


In view of expression (1), Sec. 82, then, 
a 13 by 
Res [e F(s)| = 6% —x)+txt= ot ~—1)+21. 
As for the singularities s =—n?x? (n =1,2,...), we write 


pls) 
q(s) 


Observe that p(-—n?”)#0 and gq(—-n?x*)=0. Also, since 


F(s)= where p(s) =sinh(xs'”) and q(s)=s*sinh(s'”). 


q’(s) = 2s sinh(s")+ =ss" * cosh(s”), 


it is easy to see that q’(-n’x”) #0. So the points s=—n’x’ (n=1,2,...), are simple poles 


of F(s), and 
_ p(s) __2sinh(xs"”) _2 pn". = 
Bee FU) = ae 2 8S cosh(s) | ,  h2,...) 
Thus, in view of expression (3), Sec. 82, 
i 2 1 \tth buat 2, 
Res, fe F(s)|=<- \ x e” *' sinnax (n =1,2,...). 


Finally, since 
f(t) =Res[e*F(s)]+ > Res [e*F)] 


we arrive at the expression 


fO = oat? ae ee or e”*" sinnnx. 


a=1 


The function 


1 1 
F(s)==- 
(s) s’ ssinhs 


has isolated singularities at the points 


=0 and s,=n7i, 5,=-n7i (n=1,2,...). 
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Now 


ssinhs= [s+ 2st.) = sta tote. (0 <Isl< co), 
and division of this series into 1 reveals that 
1 1 1 1 
F(s)=—y- | tot |= st 0<Isl< x). 
(s) 2 (3 } 6 ( ) 
This shows that F(s) has a removable singularity at s,. Evidently, then, e“F(s) must also 
have a removable singularity there; and so 
Res [e"F (s)| =0. 
To find the residue of F(s) at s, =nzi(n=1,2,...), we write 


Fst where p(s)=sinhs—s and g(s)=s’sinhs 
Us 


and observe that 
p(nni)=-nai#0, g(nmi)=0, and q’(nni)=n'x?(-1)"" £0. 


Consequently, F(s) has a simple pole at s,, and 


Res FQ) = LO) eC, =1,2,...). 
NS Fea Pep nn ) 


Since F(s) = F(S), the points 5, are also simple poles of F(s); and we may write 


Res [e"F (s)| +Res [e"F (s)| = ae gm 7 2Re| 2D : 
s=s, s=5, nn nn 


(icosn7t — sin nn| 


Hence the desired result is 


f()=Res[e*F(s)]+ > {Res [e"F(s)] + Res [eros] 


167 
11. We consider here the function 


sinh(xs) 
Fs) = 
(s) s(s’ + @”)coshs See) 
-1 
where @ >0 and @# 0, = Cnave (mn =1,2,...). The singularities of F(s) are at 


s=0, s=ta@i, and s=+a,i (n=1,2,...). 
Because the first term in the Maclaurin series for sinh(xs) is xs, it is easy to see that s =0 is 


a removable singularity of e* F(s) and that 
Res[e*F(s)|=0. 
To find the residue of F(s) at s = @i, we write 


sinh(xs) 


$(s) 
F(s)= where = ——___—__—_, 
(s) sS—- ai os) s(s+ @i)coshs 
from which it follows that s = qi is simple pole and 


, sinh(x@i) isin ax 
Res F(s) = 6(ai) = ————~_——_ -: —_———_—.. 
52001 i wi2@icosh(wi) -~2@? cosa 
Since F(s) = F(S), then, 


isin@x ine Sina@x sin @x sin at 
re =2 at =—_ 


Res |e"F(s)|+ Res je"F(s =2Re| — : 
part [ (s )| Res[ ( ] —2@* cos 2@* cos@ a’ cos@ 


As for the residues at s = @,i (n =1,2,...), we put F(s) in the form 


F(s)= a where p(s) =sinh(xs) and g(s)=(s’ + @*s)coshs. 


Now p(Q,ji) = sinh(x@,i) =isin@,x #0 and q(@,i)=0. Also, since 


q’(s) =(s* + w’s)sinhs + (3s” + @”)coshs, 
we find that 
q'(@,i) = (-@3i + @’,i)sinh(@,i) = —@, (@ — @2)sinw, #0. 


Hence we have a simple pole at s = w,i, with residue 


Res F(s) = PLO!) = sue 
Syl q(Q,i) -@,(@° - @7)sina, 
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Consequently, 


isin @,x ; 
Res [e“F(s)|+ Res [e*F(s)] =2Re| ——S@0.% _ iow | 
Res| | Eel -,(@ — w?)sina, 


But sing, = sn( na - =) =(-1)"", and this means that 


Res[e*F(s)]+ Res [e*F(s)]=2 or Sing, xsin@,t 


: 2 2 
s=Q,t , Qa*- a, 


Finally, 


sin@,xsin @,t 


@,(@° - @?)sinw,” 


f(t)=Res[e*F(s)] + {Res [e*F(s)] + Res [e"Fi)]} + > {Res [e“F(s)]+ Res [e"ro}. 
= = Oi s=- i wa] LEE si $2~O,i 


That is, 


F(t) = Sin arsine 2 (-1)""!_ sing, xsin@,t 
w’csa “ @ a’ -@ - 


n 


